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Abstract 
 
We generalize the classical theory of Brownian motion so as to reckon with non-Markovian 
effects on both Klein-Kramers and Smoluchowski equations. For a free particle and a 
harmonic oscillator, it is shown that such non-Markovian effects account for the 
differentiability of the Brownian trajectories as well as the breakdown of the energy 
equipartition of statistical mechanics at short times in some physical situations. This non-
Markovian approach is also extended to look at anomalous diffusion. Next, we bring in the 
dynamical-quantization method for investigating open quantum systems, which does consist 
in quantizing the classical Brownian motion starting directly from our non-Markovian Klein-
Kramers and Smoluchowski equations, without alluding to any model Hamiltonian. 
Accordingly, quantizing our non-Markovian Klein-Kramers in phase space gives rise to a non-
Markovian quantum master equation in configuration space, whereas quantizing our non-
Markovian Smoluchowski equation in configuration space leads to a non-Markovian quantum 
Smoluchowski equation in phase space. In addition, it is worth noticing that non-Markovian 
quantum Brownian motion takes place in presence of a generic environment (e.g. a non-
thermal quantum fluid). As far as the special case of a heat bath comprising of quantum 
harmonic oscillators is concerned, a non-Markovian Caldeira-Leggett master equation and a  
thermal quantum Smoluchowski equation are derived and extended to bosonic and fermionic 
heat baths valid for all temperatures    . For the cases of a free particle and a harmonic 
oscillator, it is shown that quantum Brownian trajectories are also differentiable. According to 
our Caldeira-Leggett master equation for a free particle, it is predicted that the energy 
equipartition theorem is violated in the following cases: at zero temperature for all times 
   ; and at high temperatures for times of the order of the quantum time          , 
where   is the Planck constant,    the Boltzmann constant, and   the temperature of the 
thermal bath. For a free particle and a harmonic oscillator,  our quantum Smoluchowski 
equation in turn leads to the violation of the equipartition theorem for all times     and 
temperatures    . Quantum anomalous diffusion is investigated, too. Further, we address 
the phenomenon of tunneling of a quantum Brownian particle over a potential barrier. By 
regarding our quantum Smoluchowski equation, we predict a kind of dissipationless quantum 
tunneling for all temperatures as well as in the low-temperature regime, including    . 
 
 By way of internal consistency, both the deterministic and classical limits of the non-
Markovian quantum Brownian motion are examined. Furthermore, we wish to point out that 
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our theoretical predictions uphold the view that our non-Hamiltonian quantum mechanics is 
able to fathom novel features inherent in quantum Brownian motion, thereby overcoming 
some shortcomings underlying the usual  Hamiltonian approach to open quantum systems. 
Lastly, some ontological implications of the status of the open-system concept on the 
foundations of quantum mechanics are taken up, as well.   
Keywords: Non-Markovian effects on classical and quantum Brownian motion; Classical and 
quantum anomalous diffusion; Dynamical-quantization approach to quantum open systems; 
Non-Hamiltonian quantum mechanics; Quantum tunneling.  
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1. Introduction: Going far beyond the Schrödinger equation 
1.1. Historical background 
Realistic physical phenomena or processes are never found isolated, for they 
are immersed in the surrounding environment and interact continuously with it. This 
fact had been recognized by great physicists such as Aristotle, Plato, Galileo, 
Newton, Descartes, Einstein, Bohr, Schrödinger, and Heisenberg [1,2]. Yet, since 
Galileo physical phenomena turned out to be mathematically idealized as isolated 
systems. Accordingly, within such a Galilean paradigm non-isolated physical 
processes existing in nature, such as in experimental conditions, should be explained 
on the ground of isolated systems which in turn do not exist in it, but in a 
mathematical world [3-5]. 
The main goal of this Introduction is historically to draw a continuous path 
starting from Galileo's inertia equation to Schrödinger's equation concerning the 
concept of isolated system. In addition, because of the conceptually quite 
controversial role played by the measuring apparatus in the heart of quantum 
mechanics, we nevertheless bring out the need to abandon such a concept of isolated 
system. This is achieved by idealizing mathematically a quantum system as an open 
system, thereby leading to theoretical predictions that go far beyond those predictions 
based on the Schrödinger equation.    
1.1.1. Isolated systems in classical physics  
 Galileo’s main contribution to setting the concept of isolated system was to 
image mathematically a physical system thoroughly in isolation from external 
influences (eliminating, for instance, the friction which always accompanies motion) 
[3-6]. To bring out such a mathematization processes we could, following Heidegger 
[3], literally quote Galileo: "Mobile mente concipio omni secluso impedimento."
3
 
This Galilean mathematization leaded to the highly idealized concept of isolated 
system characterized by a particle (a material point) undergoing a special movement, 
called inertial motion. The trajectory of such a Galilean particle is described by the 
linear equation 
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"I think in my mind of something moveable that is left entirely to itself". 
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where            and            are initial conditions: its initial position 
and velocity at time     , respectively. It follows from the linear kinematical law 
      that a Galilean particle is given by a constant velocity for all time  , i.e., 
       , and, accordingly, by a vanishing acceleration. Idealized experiments 
involving a Galilean particle can never be actually performed, although they lead to a 
profound understanding of real experiments [3,6].    
  In the wake of Galileo’s achievements, Newton introduced the concept of force 
as deviation from the Galilean inertial motion [3,6,7]. A special kind of force is one 
that is derived from the potential energy      inherent in the particle. Furthermore, 
because the mechanical energy (kinetic energy plus potential energy),         
    , is conserved, such a type of force                is called conservative. 
The gravitational force between any two bodies with mass    and    is the most 
prominent example of conservative force [7,8]. Another example of conservative 
system is the case of a free fall of a Newtonian particle of mass   under the action of 
a force derived from the potential energy         ,   being the gravitational 
acceleration, which is described by the nonlinear trajectory 
                                                                      
 
 
                                                     
A Newtonian particle undergoes therefore a non-inertial motion in view of the  
quadratic term        in Eq.      . As far as     is concerned the Galilean 
inertial motion       is retrieved. 
 With Euler, Lagrange, Hamilton, Jacobi, Poisson and many others, the physics 
of conservative systems reached a high degree of mathematical abstraction and 
generality due mainly to the introduction of the concept of generalized coordinates in 
terms of which both Lagrangian and Hamiltonian functions turn out to be expressed. 
In the Hamiltonian formalism of classical mechanics of isolated systems, the 
Hamilton equations replace Newton equations, whereas in the Lagrangian formalism 
the dynamics is given by the Lagrange equations. The procedure of obtaining both 
Lagrange and Hamilton equations is the variational principle of least action [2,9,10]. 
 On the basis of the classical dynamics, given by Newton’s or Hamilton’s and 
Lagrange’s equations, a classical system should be then idealized as an isolated 
system: 
                                  
A characteristic feature inherent in isolated systems is its deterministic nature. 
This implies that, ontologically, nothing prevents to predict theoretically with 
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absolute precision the trajectory of an isolated system. A Newtonian particle, for 
instance, is assumed to have a well defined trajectory, existing as an unobserved 
objective reality. Epistemologically, a measurement process simply reveals the 
preexisting value of a physical quantity within a limited accuracy, since the accuracy 
of the initial conditions is always diminished by the ubiquitous errors of 
measurement, by our ignorance of the forces acting on the particle, and by our limited 
computational capability. 
  
Although physical systems are not in isolation, the concept of isolated system 
turned out to be central in physics, underpinning both Einstein’s theories of relativity 
[6,11] and reverberating in quantum physics too. Yet, in quantum mechanics such a 
concept of isolated system seems to be highly problematic due to the issue of the 
interpretative status of the Schrödinger function as well as the controversial role 
played by the measurement process. 
 
1.1.2. Isolated systems in quantum physics?  
Historically, quantum physics had emerged from the experiments dealing with 
the stability problem of atoms and molecules, diffraction of electrons, and diffraction 
of light under the theoretical influence of ideas coming from the Hamiltonian and 
Lagrangian frameworks for conservative systems [9,12-19]. During the period of the 
so-called old quantum theory (1900-1925), eminent physicists such as Planck, Bohr, 
Sommerfeld, Einstein, Epstein, Wilson, and  Schwarzschild [20,21] introduced ad 
hoc rules for quantizing physical quantities such as the energy and angular 
momentum of the electron in a hydrogen atom. The basic mathematical tool was the 
action integral.  
 
 In 1925, starting from Newton’s equation and replacing the physical 
quantities   (position) and   (linear momentum) with operators   and   complying 
with a noncommutative algebra, Heisenberg [22] obtained equations of motion 
describing isolated quantum systems (Heisenberg quantization). One year later, from 
the Hamilton-Jacobi formulation of classical mechanics, Schrödinger [23] arrived at 
the so-termed Schrödinger equation (Schrödinger quantization). In the same year of 
1926, Dirac [24] unified both Heisenberg and Schrödinger approaches by quantizing 
via the Hamiltonian formalism
4
 (Dirac quantization). It is worth highlighting that 
such quantization methods presuppose the use of classical concepts in the quantum 
realm.  
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mechanics (Feynman quantization). 
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 From a formal point of view an isolated quantum system, that is, a Schrödinger 
particle with mass  , is then mathematically described by the Schrödinger equation 
[23]   
                                         
       
  
            
  
  
        
   
                               
where the phenomenological parameter  , dubbed the Planck constant   divided by 
  , accounts for the signature of the quantum world. It is worth stressing that in the 
Schrödinger equation        it is assumed that the mass  , the time  , as well as the 
coordinate   show up as  -independent physical quantities. In addition, because the 
Schrödinger equation        relies on the imaginary number      , a quantum 
system may be also imagined as evolving backward in time
5
 according to the 
complex conjugate of Eq.       , i.e.,    
                              
        
  
             
  
  
         
   
                                
Before a measurement, therefore, an isolated quantum system could be formally 
imagined as an object flowing simultaneously forward and backward in time. 
Physically, the connection of both Schrödinger functions        and         with 
experiment is performed by interpreting the function                      
         , the so-called Born rule [29-31], as a probability density function from 
which average values of the physical quantity      can be calculated. This 
probabilistic character is in sharp contrast to the deterministic values found through 
the classical equations       and      , for example. In brief, measurement accounts 
for breaking down the time symmetry of the time evolution of        and        , 
thereby choosing one-way direction of time through Born's probabilistic rule: 
      
       
                                                                   
 
It is worth highlighting that before a measurement there is no probability 
concept because the quantum system is isolated and hence deterministically described 
by the Schrödinger equation. Probability arises in the theoretical predictions only 
insofar as the quantum system is considered as a non-isolated system, i.e., as 
measurement outcomes are interpreted according to the Born rule [32].  
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Although Born’s calculation rule is responsible for the enormous empirical 
success of the probabilistic predictions of quantum mechanics, serious conceptual 
difficulties arise on attempting to comprehend its foundations [33].  The origin of 
such difficulties lies in the existence of the following dualistic structure underlying 
the mathematical formalism [20,33-37]: On the one hand, an isolated world without 
probability (a “complex” world) ruled by        and         and, on the other hand, 
a non-isolated world governed by measurements (a real world) providing 
probabilities through              . Accordingly, the following question still holds 
unanswered: Could probability emerge from a world without probability or does it 
display an irreducible character in the quantum realm? 
Answering this issue requires to come up with an interpretation of quantum 
mechanics. The earliest attempt to interpret quantum mechanics aimed just to break 
down the concept of isolated system, whereby causality is often identified with 
determinism. According to Heisenberg (see Ref. [16], pp. 63-64): 
  
In fact, our ordinary description of nature, and the idea of exact laws, rests on 
the assumption that it is possible to observe the phenomena without appreciably 
influencing them. To co-ordinate a definite cause to a definite effect has sense only 
when both can be observed without introducing a foreign element disturbing their 
interrelation. The law of causality, because of its very nature, can only be defined for 
isolated systems, and in atomic physics even approximately isolated systems cannot 
be observed. 
 
Quantum systems should be viewed as non-isolated physical systems because, 
in contrast to a passive role in classical physics, the measurement apparatus turned 
out to play a relevant role for establishing the very physical nature of the quantum 
phenomena. As pointed out by Heisenberg [38], only after observing the physical 
property “position in time” through a measuring device constructed for this purpose 
can we speak of the trajectory concept: "Die Bahn entsteht erst dadurch, dass wir sie 
beobachten."
6
 
According to Bohr [39], in turn, isolated systems are abstractions without any 
physical content
7
:  
                                                          
6“The trajectory concept arises provided that we observe it.” 
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Later, Bohr [40] brought out the “impossibility of any sharp separation between the behavior of atomic 
objects and the interaction with the measuring instruments which serve to define the very conditions under 
which the phenomena appear.”   
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It must be kept in mind that (...) radiation in free space as well as isolated 
material particles are abstractions, their properties on the quantum theory 
being definable and observable only through their interaction with other 
systems. 
 
This implies that there is no independent reality in the quantum realm [39]:  
 
… the quantum postulate [symbolised by Planck's quantum of action] implies 
that any observation of atomic phenomena will involve an interaction with the 
agency of observation not to be neglected. Accordingly, an independent reality 
in the ordinary physical sense can neither be ascribed to the phenomena nor to 
the agencies of observation. 
 
The breakdown of the concept of isolated system implies that the Schrödinger 
function does not describe ontological or intrinsic features underlying a given 
quantum system
8
, such as the trajectory of an electron. That is, before a measurement 
the wave function is epistemologically interpreted as a mathematical symbol without 
any physical meaning. Bohm, for instance, had summarized such an epistemic 
interpretation of quantum mechanics as follows [42]:  
  
… quantum theory requires us to give up the idea that the electron, or any 
other object has, by itself, any intrinsic properties at all. Instead, each object 
should be regarded as something containing only incompletely defined 
potentialities that are developed when the object interacts with an appropriate 
system. 
More specifically, a quantum system does behave as either a particle or a wave 
depending on how it is treated by the surrounding environment [42]. That is, only 
after being measured a quantum system manifests itself in a complementary way 
either as a wave-like or as a particle-like.  
 In summary, for both Bohr and Heisenberg a quantum system cannot be 
imagined as being in isolation from its surroundings. In truth, it only comes into 
being as far as its interaction with a certain environment (e.g., a measuring apparatus) 
is concerned.  The definition of a quantum system (or a quantum phenomenon after 
Bohr) could be then schematized as displaying the following dualistic structure: 
 
                                                          
8“In our description of nature the purpose is not to disclose the real essence of phenomena but only to track 
down as far as possible relations between the multifold aspects of our experience” [41].  
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where the symbol “+” denotes an interaction process between an isolated system,  
formally represented by the Schrödinger function before being  measured, and a 
measuring apparatus that could be assumed to be of classical nature (à la Bohr and 
Heisenberg) or of quantum nature (à la von Neumann [43]). Quantum-mechanical 
probabilistic predictions can be calculated, but cannot be derived, from the 
Schrödinger equation. Probability shows up therefore as an epistemic concept 
because there is no ontological quantum world
9
, i.e., an isolated quantum system.  
While von Neumann [43] brought out the dualistic structure of the 
mathematical formalism of quantum mechanics by resorting to a non-isolated process 
that in turn cannot be described by the Schrödinger equation— the so-called 
collapse
10
 (or reduction) of the wave function—, pointing out the controversial role of 
the observer’s consciousness, Bohr [46] attempted to surpass such a dualism within 
the framework of his principle of complementarity [47,48]  and the assumption of 
classicality of the measurement apparatus [33,49]. Like the existence of quantization 
methods mentioned above, it is worth stressing that both Bohr’s classicality 
requirement and von Neumann’s collapse suggest the non-universality of the 
Schrödinger equation.      
Another way to try to surpass such a dualistic framework underlying the 
quantum-mechanical formalism is to restore the concept of isolated system, that is, to 
question what a quantum system (e.g., an electron) really is in the absence of any 
measuring devices. So from this ontological perspective a quantum system is to be 
viewed indeed as an isolated system:   
               
                
  
 
Such an ontological stance on the foundations of quantum mechanics had 
prompted and guided the various criticisms raised by Einstein (e.g., [36, 50-52]) 
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As reported by Aage Petersen [44] when asked “whether the algorithm of quantum mechanics could be 
considered as somehow mirroring an underlying quantum world”, Bohr would answer: “There is no 
quantum world. There is only an abstract quantum physical description. It is wrong to think that the task of 
physics is to find out how nature is. Physics concerns what we can say about nature”. See also [34]. 
10
Surprisingly, such a collapse process cannot be described by the Schrödinger equation itself  
(understanding the gist of the collapse constitutes the problem of the measurement in quantum mechanics 
[45]). 
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against the consequences of the epistemic interpretations of quantum mechanics 
advanced by Bohr, Heisenberg, Born, and others. In essence, for Einstein — 
following the Galilean tradition— no measurement processes can account for 
establishing the physical reality of a given isolated system. It is this view that 
underlies the EPR criterion of physical reality of any isolated systems [50]: 
 
If, without in any way disturbing a system, we can predict with certainty (i.e., 
with probability equal to unity) the value of a physical quantity, then there 
exists an element of physical reality corresponding to this physical quantity.  
 
However, Einstein was not able to come up with an ontic interpretation according to 
which the probabilistic feature could be derived from a physics of isolated quantum 
systems [53,54]. Instead, he claimed that the Schrödinger function per se fails to 
unveil ontological properties underlying quantum systems [50-52]. It should be 
indeed interpreted as an ensemble of similar systems, and not as referring to 
individual systems [52, 55-58]. Despite that Einstein’s epistemic interpretation of the 
wave function, some physicists [59] (e. g., de Broglie [60-62], Schrödinger [32], 
Bialobrzeski [63], Bohm [64], and Takabayasi [65]) had strived to interpret 
ontologically the Schrödinger function with or without additional variables (hidden 
variables) [20,33-37,59,66-75]. In this context, the wave function is viewed as a 
physical symbol having as much relationship to material systems as other symbols 
have [59]. Nevertheless, the physical meaning of the wave function        still holds 
one quite controversial issue [33,37,76-105]. Moreover, it has been argued that the 
various existing ontic interpretations of quantum mechanics (e.g., the de Broglie-
Bohm theory) also lead to serious conceptual difficulties [33,37,91-93,106,107]. 
 As already pointed out above, from an epistemic standpoint the isolated- 
system concept is a useful mathematical abstraction, whereas from an ontological 
point of view there remains a need to reveal properties inherent in a physical 
processes without resorting to any measuring apparatuses (or collapse of the wave 
function). Nevertheless, according to some researchers the most effective way of 
surpassing such conceptual difficulties is to go beyond the Schrödinger equation:  
Prigogine and coworkers [108,109], Blokhintsev [110], Cini [111-114], Balian [115], 
Bohm and Hiley [116], and Fain [117], for instance, has put forward that the von 
Neumann function or matrix density (or its Fourier transform, i.e., the so-called 
Wigner function), and not the Schrödinger function, is the fundamental quantity of 
quantum mechanics. According to Prigogine and coworkers, the so-termed Large 
Poincaré Systems (LPS) requires an extension of quantum mechanics whereby the 
basic quantity is the density matrix, and no longer the wave function [108,109]. In 
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Blokhintsev’s approach to quantum mechanics [110], which is regarded as a 
generalization of classical statistical mechanics, the basic concept is not the wave 
function, but the von Neumann function. For Cini [111-114] in turn the whole 
structure of quantum mechanics in phase space, expressed in terms of Wigner 
function, can be deduced from a single quantum postulate without also bringing in 
wave functions or probability amplitudes. Balian [115] has pointed out some 
shortcomings of the wave function concept in the study of certain physical systems, 
such as the description of the measurement process in quantum mechanics. For Bohm 
and Hiley [116] as well as Fain [117] the density matrix is regarded as the 
fundamental description of the state of a system, while the wave function is taken as 
an abstraction.  
In order to eschew conceptual difficulties underlying both epistemic and ontic 
interpretations of quantum mechanics based on the Schrödinger function, in the 
present work we have as a leitmotiv the intention of unifying the different viewpoints 
of Bohr and Heisenberg, on the one hand, and Einstein, on the other. More 
specifically, from Bohr’s and Heisenberg’s physical views we reckon with their  
suggestion of abandoning the concept of isolated system and from Einstein’s 
philosophical viewpoint we take into account his stance of unveiling the ontological 
status of physical systems without resorting to any measurement apparatus. To this 
end, we generalize the physics of isolated system through the concept of open 
quantum system whose description is based on the von Neumann function.  
  
1.2. Open quantum systems 
Let us consider a quantum system   immersed in an environment or reservoir 
 .   is then said to be an open system [118]. In the absence of any environment,   is 
called an isolated system. That is a general definition of open system, whereby 
isolated systems arise as a special case.    
The system as a whole, i.e.,    , is deemed to be described by the von 
Neumann function                 , where    and    denote the coordinates of the 
  system and    and    the coordinates of the environment  . Generalizing Landau’s 
and Lifschitz’s definition of density matrix [119] (see also [120], p. 426), the reduced 
density matrix
11
  of the quantum system   may be defined as    
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Strictly speaking, the density matrix refers to the matrix representation of the density operator in a 
particular basis. The concept of density matrix was introduced by von Neumann [121], Landau [122] and 
Bloch [119]. 
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In general,                                      , meaning that both systems   
and   cannot be separated from one another, hence they are said to be entangled. If 
the total quantum system     is supposed to be isolated, then the joint von 
Neumann function                  can be factorized as the pure case 
                            
          , where            is the joint wave 
function at    and    and  
           its complex conjugate at points    and   , so  
that the reduced density matrix       associated with the system   also represents a  
pure case, i.e.,                    
       , with                        
and            
             . In this case, starting from the Schrödinger 
equation        at point    and its complex conjugate        at   , it is readily to 
show that the equation of motion for pure states reads
12
 
            
           
  
                   
  
  
 
  
   
  
  
   
                       
The Schrödinger equation in the density matrix representation, given by Eq.      , is 
dubbed the Liouville-von Neumann equation or simply von Neumann equation. 
However, if in general the total quantum system     is assumed to be non-
isolated, then                  represents a non-pure state called improper mixture 
[35], characterized by                             
           or            
                
           , thereby implying that            cannot be 
factorized as well, i.e.,                    
       , or cannot be expressed as a 
proper mixture                         
        . So, underlying an open 
quantum system there exists no Schrödinger wave function [123]. In this context, a 
quantum system should be indeed idealized as an open system described by the von 
Neumann function  , i.e.,  
               
            
  
 
In general, an open quantum system is mathematically described by master 
equations of the form 
                                                 
           
  
                                                           
                                                          
12
Nonpure states, called statistical mixtures or proper mixtures [35], given by 
                        
        , the positive weights    being time independent, are also described 
by the von Neumann equation      . However, if    rely on time, then there exists no wave function 
underlying           .      
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where the so-called superoperator   acting on the von Neumann function            
bears the Planck constant  , some environmental features such as coupling constants 
(a sort of friction constant) and a kind of fluctuation energy as well as some 
properties inherent in the tagged particle such as its mass   and its position. In 
addition, it is expected that in the absence of environment the quantum master 
equation       reduces to the von Neumann equation      . The main issue in the 
quantum theory of open systems is therefore to find out master equations of the form 
     13. 
Under the mathematical criterion of complete positivity of the density matrix, a 
general form for Markovian quantum master equations, known as Lindblad master 
equations, has been put forward by the semigroup approach to open quantum systems 
[126-136]. Recently, such an approach has been generalized for non-Markovian 
quantum master equations [137].  
 
Qantum master equations of the form       have physical applications in the 
following areas [138,139]: Nuclear Magnetic Resonance (NMR) [124,140-143], 
quantum optics [117,125,144-156], condensed matter physics [117,133], condensed 
phase chemical physics [117,157,158], and macroscopic quantum mechanics [159].  
 
As a prototype of the movement undergone by a quantum open system, one 
considers quantum Brownian motion. In quantum optics, for example, the 
environment is represented by a quantized radiation field while the Brownian particle 
is deemed to be an atom or a molecule [125]. The corresponding master equation is 
called quantum optical master equation [133,151]. 
The predominant paradigm for deriving quantum Brownian master equations 
could be termed Hamiltonian, for it is based on the concept of isolated system, and 
can be summarized as follows
14
 [118,133,164]: Imagine a generic environment 
coupled to a Brownian particle so that a quantum Hamiltonian function of the isolated 
system (particle plus environment) can be built up. Having established this 
Hamiltonian picture, the Nakajima-Zwanzig projection operator techniques [165,166] 
                                                          
13
The first derivation of a quantum master equation of the type       describing the relaxation of nuclear spin 
orientation seems to have been performed by Wangsness and Bloch [124] (see also Fano [123] and Haken 
[125]). 
14
From a historical point of view, the first attempt to set up a theory of quantum Brownian motion within a 
Hamiltonian framework seems to have been made by Claude George [160] on the basis of the canonical 
quantization of Prigogine’s classical theory of Brownian movement [161]. Alternatively, Schwinger [162] as 
well as Feynman and Vernon [163] developed a theory of quantum Brownian motion under the Lagrangian 
structure: Schwinger’s theory [162] was based on his quantum action principle (a differential approach) 
whereas Feynman and Vernon [163]  employed path integral techniques.  
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are employed to obtain quantum master equations, after getting rid of the 
environment’s variables. In the specific case of a medium consisting of a set of 
harmonic oscillators it is usual to enter into quantum world via the canonical 
quantization procedure (Dirac or Heisenberg quantization) (see e.g. [159,167]). Here, 
the Feynman path integral formalism [163] is invocated for deriving the reduced 
dynamics of the quantum Brownian particle, after eliminating the environmental 
variables. 
In contrast to the Hamiltonian approach, an alternative methodology for 
deriving quantum master equations is to start from on the outset with a non-isolated 
system, thereby obtaining the isolated systems as special case. This non-Hamiltonian 
approach to quantum Brownian motion can be split into two ways of investigation: 
one way is to build up kinetical models leading to Lindbladian quantum master 
equations as a limiting case of the so-termed quantum linear Boltzmann equation 
[168-180]. Here, no quantization process is used. Alternatively, making use of a 
Hamiltonian-independent quantization procedure, called dynamical quantization, we 
have derived various Markovian and non-Markovian quantum master equations in 
Refs. [181-190].  
 
The subject of the present book is to feature the foundations of our non-
Hamiltonian approach to Brownian motion. First, on the ground of previous papers 
[191-192] we generalize the classical theory of Brownian motion by reckon with non-
Markovian effects. Next, this non-Markovian generalization of Brownian motion is 
quantized by means of a non-Hamiltonian quantization method [181-190]. By way of 
consistency, the classical limit     of our quantum Brownian motion is calculated 
too. In addition, as far as thermal heat baths are concerned the quantum limit     is 
looked at.  
  
1.3. Organization of the book   
In Chapter 2 we present our generalization of the classical theory of (normal) 
Brownian motion by reckoning with non-Markovian effects on both the Klein-
Kramers equation (in presence of inertial forces) and the Smoluchowski equation (in 
absence of inertial forces). Our non-Markovian Klein-Kramers equation is solved for 
a free particle whereas our non-Markovian Smoluchowski equation is solved for a 
free particle and a harmonic oscillator. Besides, our non-Markovian approach is 
applied to the phenomenon of anomalous diffusion as much in the presence as in the 
absence of inertial forces as well as being used to calculate a time-dependent Kramers 
escape rate. 
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 Chapters 3 through 7 are devoted to investigate both non-Markovian and 
quantum effects on the motion of a Brownian particle immersed in thermal and non-
thermal environments. Thermal environments, which may be a heat bath of quantum 
harmonic oscillators, a fermionic heat bath or a bosonic heat bath, are valid for all 
temperatures    . The classical limit of our non-Markovian quantum Brownian 
motion is also examined. 
 
In Chapter 3 a non-Markovian quantum master equation in the presence of a 
generic environment is derived. As far as a harmonic oscillators heat bath is 
concerned our quantum master equation becomes the non-Markovian Caldeira-
Leggett equation. In addition, we generalize our non-Markovian quantum master 
equation to both bosonic and fermionic heat baths.  
 
In Chapter 4 by making use of the Wigner representation of quantum 
mechanics we solve our non-Markovian quantum master equation describing a free 
Brownian particle in a general medium. 
 
 In Chapter 5 we obtain a non-Markovian quantum Smoluchowski equation in 
phase space as the quantization of a non-Markovian classical Smoluchowski equation 
derived in Chapter 2. Our quantum-mechanical Smoluchowski equation is then 
solved for a free particle and a harmonic oscillator in the presence of both thermal 
and non-thermal environments. Emphasis is on thermal systems at zero and high 
temperatures.  
 Chapter 6 in turn deals with the quantum anomalous diffusion in presence and 
absence of inertial force for thermal and non-thermal environments. Thermal systems 
are analyzed at zero and high temperatures.  
 
Lastly, Chapter 7 addresses the problem of the quantum tunneling in presence 
as well as in absence of inertial force. Specifically, both Markovian and non-
Markovian effects on the quantum tunneling for thermal and non-thermal open 
systems are investigated too.  
 
Our conclusions are presented in Chapter 8, whereby our main theoretical 
predictions are summed up and conceptual implications of our non-Hamiltonian 
quantum mechanics are also stressed. Eventual generalizations of our approach are 
mentioned as well. 
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Eight appendices are included. Appendices A and B deal with the Einstein and  
Langevin approaches to Markovian Brownian motion, respectively. The former is 
based on the time evolution for the probability density function (the diffusion 
equation), while the latter starts from the stochastic differential equation for the 
random variable. Appendix C addresses the problem of deriving general equations of 
motion for the probability density function, which we have dubbed them Kolmogorov 
equations, from stochastic differential equations. In the Gaussian approximation our 
Kolmogorov equations reduce to Fokker-Planck equations the diffusion coefficient of 
which turn out to rely on a time-dependent function     , called correlational 
function. This function, which is responsible for non-Markovian effects, is examined 
in Appendix D, and in Appendix E we find out the general solution to a non-
Markovian classical Smoluchowski equation for a free Brownian particle so as to 
look at the differentiability property of the Brownian trajectories.  
In Appendix F we show how the Schrödinger equation can be derived as a 
special case within the framework of our non-Hamiltonian quantum mechanics. 
Appendix G is devoted to the environment’s physics, whereas the last Appendix H 
aims at to derive a non-Markovian quantum Smoluchowski equation in the Gaussian 
approximation for nonlinear potential energy function     . 
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2. Classical Brownian motion: Non-Markovian effects  
Brownian motion is physically interpreted as a diffusion phenomenon brought 
about by a myriad of collisions between the fluid’s particles and a tagged particle15. 
Such a diffusion comes into being owing the interplay between two closely entangled 
processes: fluctuation and dissipation. On the one hand, fluctuations are responsible 
for activating the Brownian movement through correlational effects that in general 
hold both particle and environment statistically correlated during a span of time   , 
the so-called correlation timescale. For the        case, the interaction of the 
Brownian particle with its environment is said to be a non-Markovian one, while the 
       limiting case makes it Markovian, that is, uncorrelated. Dissipation 
processes, on the other hand, account for damping the motion of the Brownian 
particle at a given relaxation timescale   .   
This Chapter is organized as follows. Section 2.1 aims at presenting a brief 
historical overview of the Markovian approach to Brownian motion16 as well as  
pointing out the need to go beyond such Markovian assumption. Our non-Markovian 
approach to (normal) Brownian motion is the subject of Sect. 2.2 and next extended 
to the phenomena of anomalous diffusion in Sect. 2.3. Non-Markov effects on 
Kramers escape rate are investigated in Sect. 2.4. Lastly, in Sect. 2.5 we summarize 
the main features of our non-Markovian approach to Brownian motion and put it in 
perspective by comparing our findings with other non-Markovian accounts existing 
in literature. 
2.1. Is Brownian motion actually Markovian?  
Historically, the physics of Brownian movement had been mathematically 
addressed by Einstein [194] and Langevin [195] at the beginning of the past century 
on the basis of the concept of probability. Nevertheless, it is worth pointing out that 
the mathematical formalization of the probability concept was achieved by 
Kolmogorov only in 1933 on the ground of measure theoretic probability [196,197]. 
In the Kolmogorov probabilistic framework physical quantities, such as the 
displacement and the velocity of a Brownian particle, are represented by random 
variables whose realizations are distributed according to a certain probability 
distribution function. The physical-mathematical contributions of Einstein [194, 198-
                                                          
15
Under normal conditions, in a liquid, a Brownian particle suffers about      collisions per second [193]. 
16
Appendices A and B are devoted to the Einstein and Langevin approaches to Markovian Brownian motion, 
respectively.   
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201], Langevin [195], and Kolmogorov [196,197,202,203], we dub them the 
Einstein-Langevin-Kolmogorov picture of Brownian motion.  
Thanks to Einstein [194], the random motion of a free Brownian particle (in the 
absence of inertial force) could be described by the diffusion equation for the 
probability distribution function       , i.e.,  
                                                             
       
  
  
        
   
                                               
This Eq. (2.1), which is a sort of Fokker-Planck equation, may be derived from the 
Bachelier-Einstein integral equation17 [194,205]  
                                                                                                 
 
  
 
in the Markovian limit      (see Appendix A). The function         in Eq. (2.2) 
accounts for the transition from the distribution function            to         . 
The diffusion constant   in Eq. (2.1) reads  
                                               
 
 
   
   
 
 
                                                  
 
  
      
As far as a thermal reservoir in thermodynamic equilibrium is concerned, one 
can show that the Brownian motion of a particle of mass   is characterized by the 
Sutherland-Einstein diffusion constant [194,206]  
                                                                         
   
  
                                                              
where    is the Boltzmann constant and   the (absolute) temperature of the thermal 
reservoir. The diffusion constant (2.4), or expression (2.3), connects dissipation 
processes through the viscosity  coefficient     , characterized by the relaxation 
timescale     
  , with fluctuations coming from the thermal energy       of 
the heat bath defined in the steady regime,    , i.e.,    . In addition,   conveys 
information on some mechanical properties of the environment (e.g., its viscosity) as 
well as some geometrical features inherent in the Brownian particle (its size, for 
                                                          
17
The integral equation (2.2) is commonly known as the Chapman-Kolmogorov equation or the 
Smoluchowski equation (see, e.g., [120,204]). 
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instance)18. Thus, the Sutherland-Einstein diffusion constant (2.4) is considered as the 
first example of fluctuation-dissipation relation [208-212].   
 On the other hand, Langevin [195] set out to address the problem of Brownian 
motion by focusing on the concept of random variable        whose  time 
evolution is given by a stochastic differential equation, the so-called Langevin 
equation. According to that approach, a free Brownian particle (in the presence of 
inertial force) is described by the following Langevin equation (see Appendix B)  
                                                         
   
   
    
  
  
                                                    
where the inertial force          offsets two kinds of environmental forces: A 
linearly velocity-dependent dissipative force            , accounting for 
stopping the particle’s motion, as well as an anti-dissipative force     , dubbed 
Langevin’s force, responsible for activating the particle’s movement through 
fluctuations brought about by collisions with the environmental particles [120]. 
In the Langevin approach to Brownian motion, Markovianity assumption turns 
up in the following statistical property to be satisfied by the Langevin force19       
                                                                                                                            
where    is the diffusion constant (2.4) and     denotes the average value evaluated 
over the probability distribution function associated with the stochastic process     . 
The delta correlated function (2.6) stands for that each collision occurs 
instantaneously and that successive collisions are uncorrelated so that       and       
are totally independent for arbitrarily small time        [120]. 
While Einstein [194] focused on the time evolution of the probability 
distribution function, Langevin [195] pinpointed the dynamics of random variable 
governed by stochastic differential equation. The connection between both Einstein 
and Langevin approaches to Brownian movement had been carried out by Ornstein 
[214,215] in velocity space, and then by Klein [216] (and independently by Kramers 
[217] ) in phase space.  Later, Uhlenbeck and Ornstein [218] investigated new 
features inherent in such connection as much in configuration space as in velocity 
                                                          
18
If the Brownian particle is deemed to be spherical and the fluid is treated as a continuous medium (that is, 
if the mean free particle path of the fluid particles is small compared with the size of the Brownian particle), 
then the viscosity coefficient   may be calculated by Stokes’ law in hydrodynamics as        or 
      ,  where   denotes the radius of the Brownian particle and   the viscosity of the fluid [207]. 
19
According to Naqvi [213] the first glimpses of the delta function had turn up in Ornstein’s 1919 paper on 
Brownian motion [214].  
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space. Finally, Wang and Uhlenbeck [219] were able to provide a concise way to 
derive Fokker-Planck equations from Langevin equations. In this context 
Stratonovich’s book [204] is a highly recommended reference to the construction of 
Fokker-Planck equations from Langevin equations.  
The existence of the Bachelier-Einstein integral equation (2.2) at    , or the 
statistical property (2.6), is deemed to be the pivotal assumption underpinning the 
Markovian theory of Brownian motion [193,219]. Hence, van Kampen has claimed 
that “[t]he art of the physicist is to find those variables that are needed to make the 
description (approximately) Markovian” [120]. The consequence of the Markovian 
assumption is that the (stochastic) Brownian trajectories are nondifferentiable and, 
accordingly, the Langevin equation (2.5) cannot be mathematically interpreted as a 
genuine differential equation. This result is  in sharp contrast to the (deterministic) 
Newtonian trajectories that are assumed to be differentiable functions. In other words, 
the actual path of a Brownian particle displays no physical reality (see Appendices A 
and B). 
Nevertheless, it has been argued that the Markov assumption (2.6) is a highly 
idealized feature since any physical interaction between the Brownian particle and 
ambient’s particles actually comes about during a finite correlation time      
[120,192,204,220-224]20. Furthermore, the mere existence of the Bachelier-Einstein 
equation (2.2) does not imply Markovianity [120,225]. In short, Markovianity 
assumption does not fathom the gist of Brownian movement. This conclusion has 
been recognized by van Kampen himself who laconically asserted [224]: “Non-
Markov is the rule, Markov is the exception.”  
In what follows we intend to present our approach to Brownian motion [192] in 
which we uphold the view that this sort of erratic  movement is actually non-
Markovian. Hence, the random trajectories of a Brownian particle are to be described 
by differentiable functions, thereby exhibiting physical reality. 
2.2. Non-Markovian Brownian motion  
Stochastic differential equations in phase space. In the presence of a generic 
environment, it is assumed that the phase-space dynamics of a Brownian particle of 
mass  , position       , and linear momentum                 , moving 
in an external potential       , may be probabilistically described by the 
following system of stochastic differential equations  
                                                          
20
According to van Kampen [120], for instance, the use of the delta function in Eq.       is a mere 
convenience issue.  
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The term         , called inertial force and proportional to the acceleration        
   , offsets two sorts of force: A conservative force                , derived 
from the Brownian particle’s potential energy     , and an environmental force 
                   , made up by the dissipative force,          , and 
the fluctuating force           . If      has dimensions of [        ], then   
displays dimensions of [                    ].  
From a mathematical point of view, both Eqs.       are defined within the 
Kolmogorov probabilistic framework in which          , and       are interpreted 
as stochastic processes (or random variables) in the sense that there is a probability 
distribution function,               , expressed in terms of the possible values 
(realizations)          ,          , and          , with    , distributed 
about the sharp values   ,   , and    of          , and      , respectively. By 
contrast, the parameters   (time),    (frictional constant),  (mass), and   (fluctuation 
strength) in the stochastic differential equations above show up as non-random 
quantities so having sharp values. 
In the context of the theory of stochastic processes, the average value of any 
random function             is deemed to be expressed as  
                                                                        
 
  
 
  
 
  
      
which in turn is a time-dependent non-random quantity. It is straightforward to check 
from Eq. (2.8) that the normalization condition of               reads  
                                                             
 
  
 
  
 
  
                                   
  The deterministic limit follows from the Brownian dynamics       as far as 
                                    is concerned. So the stochastic 
differential equations       change into the following deterministic differential 
equations 
20 
 
                                                
     
  
  
     
  
                                                 
                                                      
     
  
 
    
 
                                                                     
which describe a dissipative Newtonian system in terms of the sharp variables 
            and             in the presence of a time-dependent external force 
(a driving force) given by                    (see, e.g., [226]). 
Kolmogorov equation in phase space. The stochastic differential equations in phase 
space       give rise to the following Kolmogorov equation in phase space (see 
Appendix C) 
                                                            
         
  
                                                      
for the (marginal) probability distribution function (the Kolmogorov function) 
                                                                     
 
  
                                        
Equation of motion (2.11) is an exact equation in which the Kolmogorovian operator 
   acts on the function          according to the prescription (see Appendix C) 
                  
     
        
  
        
                          
 
   
          
 
   
 
the time-dependent coefficients                 being given by21  
                                                   
   
 
                 
 
                                       
where the average quantities,            and         , are deemed to be calculated 
about  their sharp values    and   , respectively, i.e.,  
                                                                                                 
 Both increments                and                in Eq. (2.14) are 
evaluated from Eqs.       and hence expressed respectively in the integral form  
                                                          
21
The coefficients        are time dependent in accordance with Pawula [227,228] and Coffey, Kalmykov, 
and Waldron [229], but in sharp contrast to the derivations performed by some authors (e.g., [120,159]).  
21 
 
                                                          
 
 
        
   
 
                                                        
                                            
     
  
       
   
 
                           
   
 
       
Since Eq.        relies on an infinite number of autocorrelation functions of 
the random force                   , with        , both Eqs.       and        
describe the time evolution in phase space of a Brownian particle immersed in a 
generic non-Gaussian environment.   
It is interesting to notice that both the root mean square displacement,      
                , and the root mean square momentum, 
                     , satisfy the following fluctuation relationship in phase 
space 
                                                                                                                                      
The            case is valid for either        or       . For isolated 
systems, it is expected that        and       .    
In addition, the non-Gaussian equation of motion        is to be solved starting 
from a given initial condition                   . If the solution          
renders steady in the long-time regime  
                                                         
   
                                                                  
then it is said that the Brownian particle has reached the same stationary state of the 
environment. Otherwise, i.e., if there exists the asymptotic 
                                                         
   
                                                                  
the Brownian particle holds in a non-stationary state even at long times. 
2.2.1. Non-Markovian Fokker-Planck equations 
Generalized Fokker-Planck equations in phase space. As far as the central limit 
theorem or Pawula’s theorem [227,228] is concerned, the statistical properties of the 
random force      in Eq.        turn out to be characterized only by its mean          
and the autocorrelation function             . Accordingly, in this Gaussian 
approximation the stochastic differential equations       are dubbed Langevin 
22 
 
equations, whereas the Kolmogorov equation        reduces to the so-called Fokker-
Planck equation, i.e., 
                       
  
  
  
 
 
  
  
 
 
  
 
          
  
           
   
   
                          
albeit its solutions            are in general non-Gaussian functions due to the 
nonlinear character of the  potential energy      present in the effective potential 
         , given by   
                                                                                                                    
        being the average of the Langevin random force           , i. e.,  
                                                                      
 
  
                                          
where we have used the fact that                             
    
 
. The time-
dependent diffusion coefficient       in Eq.        is given by  
                                                                                                                                
which is deemed to be defined in terms of the time-dependent diffusion energy  
                                                                                         
where      is the dimensionless function 
                                                          
   
 
 
                       
   
 
  
   
 
                        
and   the time-independent diffusion energy  
                                                                         
  
   
                                                            
yielding in turn the fluctuation-dissipation relation in the form 
                                                                                                                                    
So the parameter   measuring the fluctuation strength in the Langevin equation 
       is determined by the friction constant  , the particle’s mass  , as well as the 
diffusion energy  . 
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The characteristic feature underlying the concept of time-dependent diffusion 
energy        ,                , is that it sets up a general relationship between 
fluctuation and dissipation phenomena: While the term        comes from the 
autocorrelation of the Langevin fluctuating force           , the frictional 
constant    gives rise to dissipation processes. 
Even though the average value of the Langevin force accounts for the 
appearance of both the external force      in the deterministic limit         and the 
effective potential        , if for convenience we could define the random variable 
     as                 , then we obtain the following statistical property22    
                                                                                                                                          
where the average is taken over the environmental distribution         according to 
Eq.        . Thus, taking condition        into account and making use of Eqs. 
       the Fokker-Planck equation        reads   
                         
  
  
  
 
 
  
  
 
 
  
 
     
  
             
   
   
                          
Underlying this Gaussian Fokker-Planck equation       , there exist the Langevin 
equations       satisfying the dissipation-fluctuation relation         and exhibiting  
the following Gaussian statistical properties: The zero mean        and the 
unspecified autocorrelation function               present in     .  
The correlational function     . For long times    , if the correlational function 
       displays the following steady behavior 
                                                               
   
                                                                         
then the fluctuations render Markovian in the sense that the time-dependence for the 
statistical autocorrelations of the Langevin force is “forgotten” in the steady regime, 
whereby the Brownian particle’s diffusion energy         becomes stationary: 
                                                          
22
Without employing assumption       , we have recently looked at both classical and quantum Brownian 
motion in Refs. [189,190,192], whereby it has been shown that averaging effects of the Langevin force 
           are unobservable. Therefore, taking          seems to be an unnecessary assumption in the 
theory of Brownian motion. Furthermore, it is worth emphasizing that the average in Eq.        should be  
taken over        , and not over test-particles of velocity      [230], or over a large number of equal test-
particles having the same initial velocity        [219], for instance. Moreover, the definition of      as 
                 so as to obtain the statistical property        reveals to be more general than the 
arguments constructed by Ferrari [230] and by Naqvi [213] for justifying          on the ground of the 
Brownian motion of a free particle. After all, assuming          as a statistical property to be satisfied by 
the Langevin force is a mere notational convenience! 
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                 . Accordingly, the particle-environment interaction is said to 
be non-Markovian in the non-steady range      . 
 The non-Markovian character is also manifest if      does feature the 
following asymptotic behavior  
                                                                 
   
                                                                     
In that case the stochastic process remains ever non-Markovian.  
In Appendix D, we have built up a non-Markovian correlational function      
exhibiting the Markovian behavior        as   
                                                                            
  
                                                         
where the correlation time    explicitly represents the non-Markovianity parameter of 
the Brownian motion. At short times    , Eq.        approaches           so 
implying that     , since the Markovian limit      would lead to the following 
unphysical result:        . On the other hand, Eq.        in the overcorrelated 
case      predicts no diffusion phenomenon for all time  :       .  Accordingly, 
the correlation time    in Eq. (2.30) is to be held within the range       .   
 One example of       exhibiting the non-steady behavior (2.29) has also been 
put forward in Appendix D as  
                                                                      
    
  
   
    
  
                                            
for    . Section 2.3 below is devoted to the study of the anomalous diffusion in 
which   turns out to be interpreted as an anomaly parameter or deviation from the 
normal diffusion    .   
The non-Markovian Klein-Kramers equation. Let us consider an environment in 
thermodynamic equilibrium at temperature   and characterized by the thermal energy 
   , where    denotes the Boltzmann constant. Upon identifying the Brownian 
particle’s diffusion energy   with the reservoir’s thermal energy    , i.e., 
                                                                                                                                             
the non-Markovian Fokker-Planck equation        reads  
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Under condition       , and using     , the non-Markovian Fokker-Planck 
equation        is called the Markovian Klein-Kramers equation [216,217]   
                        
  
  
  
 
 
  
  
 
 
  
 
     
  
             
   
   
                       
Hence, we have dubbed Eq.         the non-Markovian Klein-Kramers equation 
[192].  
It is worth noticing that due to the behavior (2.28) both equations of motion 
(2.33) do possess the same steady motion as    , i.e.,  
                         
 
 
  
  
 
 
  
 
     
  
             
   
   
                              
We now proceed to investigate non-Markov effects on the Brownian 
movement of an inertial free particle according to both Fokker-Planck and Langevin 
descriptions.  
Fokker-Planck description of an inertial free particle. Let us consider the inertial 
Brownian motion of a free particle,       , described by the non-Markovian 
Klein-Kramers equation        , with the correlational function (2.30),  
                       
  
  
  
 
 
  
  
   
 
  
               
  
   
   
   
                      
We seek for a solution of that equation of motion in the factorized form  
                                                                                                                         
such that on integrating over  , i.e.,                   
 
  
, we obtain from Eq. 
       the non-Markovian Rayleigh equation23 
                   
       
  
   
 
  
                    
  
   
        
   
              
Inserting Eq.        into Eq.        yields the following equation of motion for the 
function         
                                                          
23
An alternative manner of deriving the non-Markovian Rayleigh equation (2.37) directly from the Langevin 
equation                              can be found in Appendix C.  
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which is deterministic in the sense that it contains no diffusion term like Eq.       . 
To solve Eq.        we make use of the strategy of adding to it the diffusion term 
             , under the condition    . In so doing, we find the solution 
           , implying that the position of the Brownian particle has no 
fluctuation:  
                                                                                                                 
In order to solve the non-Markovian Rayleigh equation       , on the other 
hand, we assume the initial condition to be              . So its solution reads 
                                                                
 
       
 
   
                                                
with  
                                     
    
 
         
    
      
        
  
                     
The probability distribution function (2.40) does bring the following timescales: The 
evolution time  , the relaxation time        
   as well as the correlation time   . 
Furthermore, it yields both the mean momentum          and the mean square 
momentum  
                                     
     
    
      
        
  
                  
The mean mechanical energy,                  , then reads   
                            
   
 
         
    
      
        
  
                                 
whereas the root mean square momentum,               , becomes 
                                                
    
      
        
  
                     
in which non-Markovian effects account for diminishing the strength of the 
momentum fluctuations. 
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Taking into account the solution      to Eq.        and solution        to Eq. 
      , the Fokker-Planck description of Brownian free motion yields therefore as 
solution        the function   
                                                             
 
       
 
   
                                             
 thereby implying that an inertial free Brownian particle in phase space fulfills the 
fluctuation relation        in the form               
 Steady regime. In the steady regime    , physically interpreted as            , 
the non-equilibrium solution (2.40) leads rightly to the Maxwell probability 
distribution function 
                                                   
 
       
 
   
                                        
thus implying that a classical Brownian free particle satisfies the energy equipartition 
theorem,             .  
Ballistic regime.  At short times    , i.e., as     , the momentum fluctuation 
(2.43) does display the following ballistic behavior    
                                                             
      
  
                                                     
which is differentiable, thereby giving rise to the thermal force              , 
i.e.,    
                                                               
      
  
                                                     
Notice that the differentiability of     , or the existence of     , is due to the 
presence of non-Markov effects encapsulated in the correlation time   . Since the 
momentum fluctuation     , Eq.       , leads to the violation of the energy 
equipartition theorem at    , i.e.,             , the non-Markovian thermal 
force        can measure the violation of such a theorem at short time scales.  
By way of example [192], on considering      
   s,          ,        , 
     
                , and  ~300K, we obtain        , which is the magnitude 
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of the thermal force        exerted by a heat bath at room temperature 27°C on a 
Brownian free particle of mass   . 
  The property of differentiability of the momentum fluctuation        implies 
therefore the existence of the thermal force 
                                                                   
      
  
                                                
for all time    . The dimensionless function      is given by 
                                       
       
  
         
                          
  
    
                    
valid for       . If       , then the thermal force        is repulsive:       . 
On the contrary, if       , then it renders repulsive, i.e.,       . It is worth 
stressing that the dimensionless factor      above is expressed in terms of the 
following experimentally accessible time scales: The evolution time  , the correlation 
time   , as well as the relaxation time        
  . Moreover, notice that the force 
       does vanish at the thermal equilibrium    , thus meaning that it can only 
be measured in the non-equilibrium regime    . 
Langevin description of an inertial free particle. The Brownian motion of a free 
particle immersed in a thermal reservoir is described by the Langevin equations  
                                               
     
  
                                                       
                                               
     
  
 
    
 
                                                                            
the formal solutions of which are respectively     
                                                      
               
 
 
                      
and 
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Assuming the autocorrelation function               to be given by (see Appendix 
D) 
                                                             
         
                                        
and             , one can derive from Eq.         the momentum 
autocorrelation function 
                           
               
         
     
    
      
         
   
  
           
                                            
and from Eq.        , under the condition                        , the 
displacement autocorrelation function 
                                         
       
      
           
   
  
                     
with 
          
 
  
           
        
 
        
 
  
         
           
   
     
  
      
  
      
  
         
 
        
 
 
 
  
      
  
         
 
        
 
 
 
  
      
  
         
 
           
                                                          
In addition, the correlation between the variables      and      is   
                
 
  
          
 
  
          
  
        
  
  
         
 
  
        
  
  
                                                                                 
Supposing the validity of the energy equipartition at    , i.e.,             ,  
and taking into account          as well as the statistical property       , 
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        ,  the momentum autocorrelation function        at      gives rise to the 
non-Markovian root mean square momentum  
                                                 
    
      
  
  
                                   
the differentiation of which provides the thermal force  
                             
      
      
  
   
                  
  
            
              
which vanishes at long times    , i.e.,       , whereas at short times     it 
becomes   
                                                                                                                     
In contrast to the non-Markovian repulsive force        which predicts the violation 
of the energy equipartition theorem, the Markovian attractive force         is 
compatible with such a theorem at     because of the assumption         
    . So taking, for example,     
     ,         ,      
                , 
and  ~300K, we find           . 
          On the other hand, starting from the deterministic condition         
        , Eq. (2.53) leads to the non-Markovian root mean square displacement 
(RMSD) 
                                             
   
    
                                            
On taking the Markovian limit     , quantity        reduces to the Ornstein-Fürth 
RMSD (see Eq. (B.10), with     , in Appendix B), i.e.,   
                                                        
   
    
                                             
Differentiating Eq.        yields the following instantaneous velocity  
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and the non-Markovian Ornstein-Fürth diffusion coefficient,             ,    
                                               
   
   
           
     
  
                                     
The dimensionless function      in Eq.        and its time derivative          
present in both Eqs.        and        read, respectively,  
        
  
   
 
      
  
  
          
 
      
  
  
                         
and 
     
  
  
  
   
 
      
      
      
  
    
 
      
      
      
  
    
                                                                                                                                    
For long times,    , our non-Markovian Brownian particle described by Eq. 
       enters the diffusive realm characterized by the Markovian Einstein RMSD 
               , the instantaneous velocity                 , and the 
Sutherland-Einstein diffusion constant             . On the other hand, for 
short times     it attains the Markovian ballistic regime               , from 
which we obtain the result               that is in accordance with the validity 
assumption              of the energy equipartition at    . In other words, the 
existence of the instantaneous velocity        suggests the verification of the validity 
of the energy equipartition theorem at short times. In fact, this theoretical prediction 
made by Fürth [231] and Ornstein [214] in the second decade of the past century has 
been only borne out by recent experiments [232].  
From a mathematical viewpoint, the differentiability property of both the root 
mean square momentum        and the root mean square displacement        
implies that the Langevin equations        and        should be interpreted as a 
genuine differential equation and not as an integral equation à la Doob, for instance 
[229,233] (see also Appendix B). 
2.2.2. The Kolmogorov equation in configuration space  
In the absence of inertial force, that is, as the inertial force is too small in 
comparison with the friction force,                   , the set of stochastic 
differential equations       satisfying the fluctuation-dissipation relation         
does approximate to  
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which in turn gives rise to the Kolmogorov stochastic equation in configuration space 
(see Appendix C) 
                                                          
       
  
                                                              
where the Kolmogorovian operator   acts on the function        according to  
                                           
     
  
  
   
               
 
   
                               
the coefficients         being given by  
                                                               
   
 
     
 
                                                        
where the average values       are to be calculated about  the sharp values   , i .e.,  
                                                                                                               
The non-Markovian Fokker-Planck equation in configuration space. The 
Kolmogorov equation (2.62) in the Gaussian approximation reduces to the so-called 
non-Markovian Fokker-Planck equation in configuration space  
                        
       
  
 
 
  
 
  
 
     
  
             
        
   
                          
where have used the statistical property       , i.e.,         .       denotes the 
time-dependent diffusion coefficient 
                                                                    
 
  
                                                            
associated with the motion of       . The diffusion energy   and the correlational 
function      in Eq. (2.67) are given by Eqs.         and       , respectively. 
The non-Markovian Smoluchowski equation. As far as       and     are 
concerned, Eq. (2.66) reads 
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which in turn reduces for        to the Markovian Smoluchowski equation [234]  
                                   
       
  
 
 
  
 
  
 
     
  
        
   
  
        
   
                  
For this reason, we have termed the Fokker-Planck equation (2.68) the non-
Markovian Smoluchowski equation [189]. 
(a) Free particle. For a free Brownian particle,       , the non-Markovian 
Smoluchowski equation       , with24                reads  
                                             
       
  
 
   
  
    
  
   
        
   
                                    
Starting from the deterministic initial condition              , we obtain the 
following time solution to Eq.         
                                                                  
  
      
 
     
                                               
where   
                                                
 
 
           
  
                                 
Thereby, solution (2.71) yields both the mean          and the mean square 
displacement  
                                                           
    
  
       
  
                                      
Hence, the root mean square displacement,                , reads  
                                                       
    
  
         
  
                                     
the differentiation of which leads to the non-Markovian thermal velocity   
                                                          
24
In Appendix E we have solved the non-Markovian Smoluchowski equation        for a free particle 
reckoning with a general expression for the correlational function     . 
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The non-Markovian diffusion coefficient              in turn reads  
                                                                   
   
  
    
  
                                              
which coincides with the diffusion coefficient                    
       in 
Eq.       . 
For long times    , i.e.,     , our result (2.74) leads to the Einstein’s 
diffusive regime,                 , while Eq. (2.75) goes to 
                , and Eq. (2.76) provides the steady diffusion constant      
      . On the other hand, for short times    , i.e.,     , Eq. (2.74) predicts 
the ballistic regime, given by the displacement fluctuation 
                                                                     
   
    
                                                             
whose derivative yields the instantaneous velocity 
                                                                     
   
    
                                                              
In addition, the Brownian movement at short times is characterized by the time-
dependent diffusion coefficient  
                                                                      
   
    
                                                            
If       , then the instantaneous velocity (2.78) leads to the validity of the 
energy equipartition theorem of statistical mechanics at short times. Yet, in case of  
      , on account of non-Markovian effects on the instantaneous velocity        
account for the violation of the energy equipartition at    .  
From a mathematical viewpoint, the differentiability of Eq. (2.74) implies that 
the Langevin equation (2.61), given by 
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should be interpreted as a genuine differential equation and not as an integral one à la 
Doob [229,233] (see Appendix B).  
 The formal solution of Eq.        reads    
                                                                  
    
  
     
 
 
                                  
Because             , Eq.        leads to the displacement autocorrelation 
function  
                                              
    
  
             
  
 
 
 
                           
 which in turn yields at      the root mean square displacement (2.74), after using 
the property (2.51) for the autocorrelation             and                 . 
(b) Harmonic oscillator. We reckon with a Brownian particle moving with potential 
energy                , where  is its oscillation frequency,  
                                                  
     
  
  
  
 
      
    
  
                                       
So the non-Markovian Smoluchowski equation        turns out to be given by  
                       
       
  
 
  
 
 
  
          
   
  
    
  
   
        
   
                        
Starting from the initial condition              , a solution to Eq. (2.84) reads 
                                                             
 
       
 
   
                                                  
the function       being the expression 
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where    is the relaxation time        
 . Solution        yields the mean 
         and the mean square displacement   
                                          
   
   
    
  
   
  
     
  
  
    
  
                             
The mean mechanical energy (the mean energy potential            ) is given by  
                                    
   
 
    
  
   
  
     
  
  
    
  
                                     
obeying the equipartition theorem at long times, i.e.,             .  
Making use of Eq.        and         , the root mean square displacement 
reads  
                                     
   
   
    
  
   
  
     
  
  
    
  
                                 
which in turn leads to the instantaneous velocity  
                          
   
 
 
  
  
  
    
  
   
               
  
          
  
    
                 
as well as the diffusion coefficient  
                                                          
   
    
 
 
  
    
  
  
     
                                            
It is worth noticing that the diffusion coefficient        is different from the diffusion 
coefficient                   
       in Eq.       . 
At long times, solution (2.85) yields the Boltzmann distribution  
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and the RMSD        becomes              . In addition, at     both the 
instantaneous velocity        and the diffusion coefficient        vanish, while 
            .  
At short times    , on the other hand, we obtain from Eqs.            , 
with        
 , respectively, the displacement fluctuation   
                                                                
   
    
                                                         
the instantaneous velocity   
                                                               
   
    
                                                           
and the diffusion coefficient 
                                                             
   
    
                                                    
which in turn is the same that                   
       in the Smoluchowski 
equation        at short times, i.e.,                  . As long as       the 
instantaneous velocity        of a harmonic oscillator does suggest the violation of 
energy equipartition at short times.  
As a consequence of the differentiability of the displacement fluctuation        
at    , the Langevin equation        is to be interpreted actually as a stochastic 
differential equation. 
2.3. Anomalous diffusion  
So far, we have addressed the phenomenon of Brownian motion characterized 
by the normal diffusion law            at long times,    . Nevertheless, as far as 
a disordered environment is concerned, it has been reported that the long-time 
behavior the mean square displacement (MSD) turns out to be given by [235]      
                                                                                                                              
where      is a constant labeled by the index    . The disordered environment 
containing impurities, defects, or some sort of intrinsic disorder, gives rise through 
Eq.        to two different domains of anomalous diffusion according to the values 
38 
 
of   [236]: (a) subdiffusion for      ; and (b) superdiffusion for    . Specific 
cases of superdiffusion are the following: For    , the diffusion is said to be 
ballistic; the     case is called turbulent diffusion [237]. Examples of such 
disordered media are disordered lattice, porous media, and dopped conductors and 
semiconductors [235-237]. 
Our aim is to show how our correlational function     , Eq.       , can be 
viewed as the physical mechanism giving rise to the anomalous diffusion       . 
Furthermore, we look at how the anomaly parameter   affects the differentiability 
property of the Brownian trajectories at short times taking into account two physical 
situations: anomalous diffusion in the absence as well as in the presence of inertial 
effects on Brownian motion. 
2.3.1. Anomalous diffusion in the absence of inertial force  
Free particle. We now proceed to show how our non-Markovian approach to 
Brownian motion can explain diffusion processes exhibiting the anomalous behavior 
given by Eq.       . As a first example, we start with the Brownian motion of a free 
particle in the absence of inertial force described by the Langevin equation       , 
with        , i. e.,  
                                                         
     
  
  
  
  
                                                             
The corresponding diffusion equation (2.66), with Eq. (2.31), reads  
                                                  
       
  
   
      
        
   
                                               
where   
       is the time-dependent diffusion coefficient 
                                               
       
 
  
  
    
  
   
    
  
                                         
indexed by the parameter     (see Appendix D). Starting from the initial condition 
             , solution to Eq.        is given by the Gaussian function   
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expressed in terms of the mean square displacement  
                                         
  
  
 
  
  
   
       
  
                                            
which displays the following long-time behavior     
                                                         
  
    
   
                                                       
Because     the anomalous diffusion         is termed superdiffusion.  
To investigate the effects of the anomaly parameter   on the differentiability 
property of the anomalous Brownian paths, we take into account the square root of 
Eq.         at short times    , such that     , for    , i.e.,  
                                         
  
  
 
  
  
   
 
  
   
                                                      
which is nondifferentiable for      . For    , the quantity        , given by 
              , renders differentiable, i.e.,  
                                                            
  
    
                                                           
while for     we obtain                whose time derivative yields  
                                                              
 
    
                                                         
For thermal systems, i.e.,      , both results         imply the violation of the 
energy equipartition law             . Mathematically, the consequence of the 
existence of the instantaneous velocities        , or the differentiability of the square 
root of Eq.        ,              , is that the Langevin equation        
underlying the Fokker-Planck        can be interpreted as a true random differential 
equation as long as the anomalous case      is concerned. 
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From the definition of instantaneous velocity, it follows that the diffusion 
coefficient               is identical with Eq.       , i.e.,        
       
              
             , exhibiting the asymptotic behavior         
    /     , at long times    , and  ~0, at short times    .     
Harmonic oscillator. The non-Markovian Smoluchowski equation (2.68), with Eq. 
(2.31) and      , reads  
             
       
  
 
  
 
 
  
          
 
  
  
    
  
   
    
  
   
        
   
                 
(i) For    , we find  
         
 
   
  
 
  
      
  
         
  
  
  
      
  
  
    
  
            
with   
                                                           
  
     
                                                       
and  
                                                             
  
    
                                                       
(ii) for    , we have 
        
 
   
  
 
   
               
  
       
  
 
 
  
      
  
  
    
  
                                                                                  
with 
                                                          
  
      
                                                      
and  
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(iii) for    , Eq. (2.105) leads to   
        
 
   
 
 
  
   
                   
  
       
  
 
 
  
      
  
  
    
  
                                                                               
 with  
                                                              
  
     
  
                                                 
and  
                                                                 
 
    
                                                  
In Eqs. (2.106-2.108),   denotes the relaxation time         and the limit     is 
meant to be     , for    . By generalizing results (2.106a-2.108a), the 
anomalous behavior reads  
                                                               
 
   
 
    
  
   
                                             
It is readily to verify that starting from the short-time MSD          one can 
derive the instantaneous velocity              , whereas both Eqs.          and 
         provide             , so leading to the breakdown of the energy 
equipartition law             .  
In brief, we have shown that Brownian paths are differentiable at short times in 
the anomalous cases        . Consequently, the Langevin equation underlying the 
Fokker-Planck equation         is in fact a differential random equation.  
2.3.2. Anomalous diffusion in the presence of inertial force  
Anomalous Brownian motion in momentum space25. We turn to examine anomalous 
Brownian motion in momentum space. We start with the Langevin equation   
                                              
     
  
                                                       
                                                          
25
The interested reader is invited to compare our present approach with the anomalous diffusion in 
momentum space currently studied in Ref. [238]. 
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giving rise to the non-Markovian Rayleigh equation, with the correlational function 
(2.31),  
      
       
  
   
 
  
                
    
  
   
    
  
   
        
   
               
We take into account the following cases:   
(i) for    , we find  
           
 
  
   
 
  
                   
    
      
        
  
       
                                                                                                                                   
exhibiting the non-Markovian diffusive regime 
                                                             
   
  
                                                         
and the ballistic one 
                                                             
    
  
                                                      
(ii) for    , we have 
            
 
   
    
 
  
 
 
     
                  
 
    
      
        
  
                                                                             
                                                                                                                                       
displaying the following ballistic behaviors 
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(iii) for    , Eq. (2.111) yields   
           
   
  
  
  
  
 
   
     
 
  
     
 
          
     
         
 
    
      
        
  
                                                                             
leading to the turbulent regime 
                                                          
   
  
  
                                                          
and the ballistic one  
                                                         
     
  
                                                 
Generalizing the long-time results (2.112a-2.114a) leads to the anomalous diffusion 
in momentum space 
                                                             
    
  
   
                                                     
            The ballistic behavior of        , given by Eqs. (2.112b-2.114b), leads to the 
differentiability of              , i.e., the existence of the force            
  ,         
                                                             
    
  
                                                      
                                                   
     
  
                                                 
Considering      , both Eqs. (2.116) could verify the violation of the energy 
equipartition at short times.  
Moreover, from the existence of the forces (2.116) it follows that the Langevin 
equation         should be viewed as a genuine stochastic differential equation 
because the inertial term                can mathematically be well defined. 
Physically, this stands for that particles undergoing anomalous Brownian movement 
in general do have a finite acceleration. 
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Anomalous Brownian motion in configuration space. Assuming         
                        and the validity of the equipartition energy at     
through the relation             , the Langevin equation         leads to the 
mean square displacement 
        
   
    
          
 
   
  
                                           
 
 
             
 
 
 
Supposing now the autocorrelation function            in Eq.         to be given 
by (see Appendix D) 
                                                
    
  
   
    
      
                                    
with    , it follows that  
                                        
   
    
                                                    
where      is given by  
     
      
  
    
  
   
 
      
  
  
          
 
      
  
  
              
                                                                                                                                    
For the case    , the term         in Eq.         reads   
          
    
    
 
  
 
  
 
 
 
 
     
            
 
  
 
 
     
                
                                                                                                                                    
So, at long times we have      
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For the     case, the term         in Eq.         is written down as   
          
    
     
 
  
 
   
  
  
 
  
     
 
 
     
          
  
  
  
 
  
     
 
 
     
                                                                 
Thus, we obtain at long times the turbulent diffusion     
                                                                
   
     
                                                     
            Moreover, the term        , for    , in Eq.         reads  
          
    
    
  
  
 
   
  
  
 
   
     
 
  
     
 
 
     
 
      
     
 
  
  
  
 
   
     
 
  
     
 
 
     
 
      
     
                                             
At long times, inserting Eq.         into Eq.         yields   
                                                                   
   
    
  
                                                          
 Generalizing results        ,         and         leads to the anomalous diffusion 
in configuration space    
                                                                         
   
    
   
                                                 
It is readily to check that from the MSD        , for        , at short times, we 
can derive the instantaneous velocity            , thereby implying no violation 
of the energy equipartition. This result is consistent with the initial condition 
             assumed in Eq.        .    
2.4. Non-Markovian Kramers escape rate  
Due to environmental fluctuations, the escape rate of a Brownian particle over 
a barrier separating two metastable states— in  a double-well potential, for instance— 
is known as the Kramers problem [120,191,193,207,217,220,229,239-241]. In the 
classical realm, the transition of such a particle over a potential barrier from a 
metastable state towards another state is said to be an activation phenomenon [239].  
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In 1940, on the ground of the steady Fokker-Planck equation (2.34) Kramers 
[217] investigated the issue of metastability of a Brownian particle in phase space and 
came up with the following steady escape rate characterized by Markovian effects  
                                                   
  
    
       
     
      
                                
where    denotes the particle’s oscillation frequency over the potential barrier and  
   the oscillation frequency coming from the number of particles in the metastable 
state around the well at   .  
In this section we wish to extend Kramers’ technique [217] to our non-
Markovian Klein-Kramers equation        , with      and Eq.       , on 
assuming that during a finite time     for observing the Brownian particle the non-
steady function          could be factorized as  
                                                                                                               
So, we derive from Eq.        the following time-independent equation of motion for 
        
 
 
 
       
  
  
     
  
     
       
  
           
        
   
               
where      should be interpreted as a constant given by   
                                                                                                                     
obtained from Eq.        at      ,   being a dimensionless parameter. Notice that 
the correlational function          also depends on the parameter  : For    , the 
diffusion is called normal; for    , it is anomalous.     
 Assuming the barrier top to be located at point     while the two bottom wells 
are at    and   , such that                   , with        , we perform an 
expansion of the potential function           
      in a Taylor series around the 
point   , i.e.,                 
            
 , where the quantity    denotes 
the particle’s oscillation frequency over the potential barrier. Next, we introduce the 
new variable given by 
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On making use of the fact that  
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Eq.         changes into   
                                                             
      
   
    
     
  
                                              
where   
                                                                
     
           
                                             
with 
                                                                       
                                            
Under the condition that         , the solution of Eq.         reads  
                                                              
 
  
  
  
  
 
 
  
                                               
Because    , it follows that   
                                                                          
                                           
  Unlike Kramers [217], we make use of the non-steady function        , with 
Eq.        , to build up the following time-dependent probability distribution 
function  
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where the Maxwell-Boltzmann distribution shows up at     as long as    . On 
the basis of function         we can calculate the non-steady probability current    
over the potential barrier located at     , i.e.,  
                 
 
 
 
  
                
       
      
    
     
       
               
where we have used the result  
                                             
 
        
 
   
  
   
 
  
 
  
 
 
   
                                
with           and      .  
              On the other hand, the number of particles    in the metastable state around 
   can be calculated from the Maxwell-Boltzmann distribution, which is obtained 
from Eq.         at     on replacing    with    and taking into account the 
positive concavity of the potential,      
 , as well as the limit    . The result 
is  
           
      
      
  
   
 
  
   
   
 
        
  
 
  
 
  
     
     
  
 
      
                      
Using Eq.        ,   being given by Eq.         , as well as Eq.        , the time-
dependent escape rate               reads 
                  
  
  
 
        
 
               
 
 
              
                             
where the constant      accounts for non-Markov effects through Eq.         , 
which is valid for normal       and anomalous       diffusion. For instance, if 
    , then      is determined by           
  . For     , i.e.,      we 
find           , with    . At    , the constant        vanishes implying 
that our escape rate         is Markovian and takes place in the absence of 
dissipation, i.e.,  
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2.5. Summary and Discussion 
From a mathematical standpoint Brownian motion is described by two sorts of 
non-Gaussian equations of motion: A stochastic differential equation for random 
variables, e.g., Eqs.      , and the corresponding time evolution for the probability 
distribution function (the Kolmogorov equation       , for instance). Nevertheless, 
both equations of motion turn out to have some physical significance as long as a 
Gaussian approximation is taken into account. Accordingly, the Kolmogorov 
equation reduces to the Fokker-Planck equation whereas its underlying stochastic 
differential equation turns out to be dubbed the Langevin equation. The gist of our 
approach lies in the existence of the dimensionless correlational function     , 
defined by Eq.       , but not introduced ad hoc. On the contrary, it arises naturally 
by building up the Fokker-Planck equation from a given Langevin equation, giving 
rise to time-dependent diffusion coefficients. According to our approach, therefore, 
the Brownian dynamics is only Markovian in the steady regime    , as       .  
Non-Markovianity features turn up in the non-steady regime    , as       . 
Surprisingly, this feature seems to have been overlooked in the centennial literature 
on Markovian Brownian motion, whereby it is assumed that        for all time  . 
 On the ground of our correlational function      we have examined in the 
Gaussian approximation non-Markov effects on normal and anomalous Brownian 
movement in the presence and absence of inertial forces. In the case of normal 
diffusion we have shown that non-Markov effects account for the differentiability of 
the erratic trajectories of a Brownian particle, whereas anomalous diffusion may give 
rise to differentiable or nondifferentiable paths. As to the phenomenon of escape rate 
our main upshot is the time-dependent non-Markovian Kramers rate, Eq.        , 
which is valid for both normal and anomalous diffusion. 
 The differentiability property of non-Markovian Brownian motion implies the 
breakdown of the energy equipartition theorem of statistical mechanics at short times 
in four physical situations: 
 (i) In the presence of inertial forces in momentum space via the existence of the 
concept of thermal force, Eq.       ;  
 (ii) In the absence of inertial forces in configuration space through our 
instantaneous velocity               , which is valid for a free particle, Eq. 
(2.78), and a harmonic oscillator, Eq.       ;  
 (iii) In the non-inertial anomalous diffusion of a free particle for the cases in 
which    , on account of the existence of the instantaneous velocities        , as 
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well as in the anomalous diffusion of a harmonic oscillator as described by the mean 
square displacements         ,         , and         ;  
 (iv) In the inertial anomalous diffusion for         due to the existence of 
the forces (2.116).  
 A mathematical implication of the differentiability of Brownian trajectories is 
that the underlying Langevin equations should be interpreted as genuine differential 
equations. Otherwise, they should be interpreted as integral equations according to a 
determined interpretation (Doob’s rule, for instance).  
 Conceptually, the cases in which the Brownian paths are analytic reveals that 
stochastic trajectory is a concept intrinsic to the motion of a Brownian particle just as 
the concept of deterministic trajectory is assumed to be a feature inherent in the 
motion of a Newtonian particle. In short, our main conceptual finding is that a 
Brownian particle actually follows a physical trajectory that is a mathematically well-
defined concept owing to non-Markovian effects. In contrast, non-differentiability 
implies that the Brownian motion is not a mathematically and physically well-defined 
phenomenon at short times, albeit non-differentiable paths make up a prolific 
abstraction in the strictly mathematical realm. 
 Also, our approach to Brownian motion brings out that anomalous diffusion is 
compatible with the central limit theorem. This result is in contrast to accounts based 
on fractional Fokker-Planck equations, for instance, which claim that a revision of 
such a theorem should be required to explain the phenomenon of anomalous diffusion 
[236].    
By way of discussion, we would like to clarify some points concerning the 
differences between the present study and van Kampen’s, Mori’s approaches as well 
as the Hamiltonian approach to Brownian motion. In his authoritative monograph van 
Kampen states [120]:  
The Fokker-Planck equation is a special type of master equation, which is 
often used as an approximation to the actual equation or as a model for more 
general Markov process.  
This van Kampen’s statement could raise doubts concerning to the correctness of 
dealing with non-Markovian phenomena under the framework of Fokker–Planck 
equations. By contrast, our present study (see also [189]) can shed some light on the 
non-Markovian character of Brownian motion within a structure of generalized 
Fokker-Planck equations carrying our correlational function     , given by Eq. 
      .  
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In our approach to Brownian motion we have postulated Langevin equations as 
phenomenological equations of motion and investigated the mathematical 
consequences. According to this phenomenological approach, the parameters and the 
functional form of both frictional and random forces have to be determined from 
experimental data [242]. It remains to compare the resulting predictions with 
experiments in order to (in)validate our theory [242]. 
 Alternatively, in order to justify the form of the environmental force on the 
Brownian particle (e.g., the splitting into a friction force and a random force), one 
believes that both Langevin and Fokker-Planck equations could be derived from 
microscopic models26  which in turn may be built up on the basis of the Boltzmann 
equation (kinetic models) [243-245] or model Hamiltonians. In the case of 
Hamiltonian microscopic models, a general scheme of deriving Brownian dynamics 
(both generalized Langevin and Fokker-Planck equations) is based on the framework 
of nonequilibrium statistical mechanics [132,149,166,207,222,246-250] in which 
both the system (the Brownian particle) and the environment are regarded as an 
isolated whole deemed to be ruled by a total Hamiltonian of the form  
                                                                                                                         
where    is the system Hamiltonian,    the environment Hamiltonian, and     the 
interaction Hamiltonian. On eliminating the environmental variables via a coarse-
graining procedure [250-252] with the help of the technique of projection operators  
[166,207,222,253] or the multiple-time method [245,254,255], for instance, as well as 
making use of simplifications and approximations (e.g., expansion in powers of the 
square root of the mass ratio       [245,254,256-260], where   is the mass of the 
Brownian particle and   the mass of the environment particles, one believes that the 
deterministic Hamilton equations (or Newton’s equations) generated by the 
Hamiltonian function         are able to lead to generalized Langevin equations 
while the Liouville equation associated with Eq.         yields generalized Fokker-
Planck equations [255]. The source of ramdomness shows up on assuming a specific 
initial condition to the statistical behavior of the medium at thermal equilibrium 
[132,222,261,262]. So, in this context non-Markovian Langevin and/or Fokker-
Planck equations in the presence of arbitrary thermal environments can be found, for 
example, in Refs. [132,149,166,207,222,225,248,251,252,255-260,263-276]. More 
specifically, assuming the environment to be a bath of harmonic oscillators, 
                                                          
26
Microscopic models are also known as a first-principles approach according to which the concept of 
probability should be derived from deterministic models. In other words, the statistical hypotheses used in 
open systems undergoing Brownian motion must be justified on the basis of the dynamics of isolated 
systems (Newton’s laws or Schrödinger equation). 
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generalized Langevin equations and/or generalized Fokker-Planck equations had 
been derived in Refs. [149,178,222,223,261,262,278-289].  
 Following the Hamiltonian approach to Brownian motion, Zwanzig [222,262]  
derived the so-called generalized Langevin equation  
                              
   
   
  
     
  
           
 
 
      
  
                             
put originally forward by Mori [208,253]. Such a derivation shows that both memory 
effects present in the friction kernel           and non-Markovian fluctuation 
effects ingrained in the autocorrelation function               satisfy the Mori-Kubo 
dissipation-fluctuation relationship [208,250,253] 
                                                                           
                                             
where the thermal energy     comes from the assumption that the oscillator bath 
initial conditions are taken from a distribution, given by  
                                                                        
   
                                                           
in which the bath is at thermodynamic equilibrium. As pointed out by Zwanzig 
himself [222], the dissipation-fluctuation relation         is only obtained for a 
specific kind of initial distribution. Morita [290] in turn recalled that the generalized 
Langevin equation          contradicts one of the most fundamental requirements in 
non-equilibrium statistical mechanics, namely, the fact that the Langevin force should 
not be correlated to the initial position in the long-time regime:                  
 0  =0. On the other hand, Costa et al. [291] have disclosed some inconsistency 
between Eq.         and the Mori-Kubo relation         in the case of 
superdiffusion               , with    , whereas Porrá, Wang, and Masoliver 
[292]  as well as Wang and Tokuyama [293] have shown that the dissipation-
fluctuation relation         may be an unnecessary constraint to investigating 
anomalous diffusion.  
Although one believes that such “first principles”-based approaches (both 
Hamiltonian and kinetic approaches) can clarify the range of validity of both 
Langevin and Fokker-Planck equations, looked upon as phenomenological equations, 
a strong criticism raised against such studies is based on the fact that the heuristic 
simplifications and assumptions used are not reliable than the phenomenological 
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assumptions [294]. Such assumptions are heuristic because they are not able to be 
justified or verified with complete rigor before the results can be accepted [207]. 
Lastly, it should be emphasized that the existence of the correlational function 
     has been overlooked by the extensive literature concerning non-Markov effects 
in both Hamiltonian [132,149,166,178,207,222,223,225,248,251,252,256,258-
289,295,296] and non-Hamiltonian [191,207,221,223,224,232,267,290,297-331] 
approaches to Brownian motion, including studies on anomalous diffusion [223,235-
237,291,332-349]. 
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3. Quantum Brownian motion: Non-Markovian effects 
            The classical theory of Brownian motion predicts no random movement as the 
diffusion energy  , defined by Eq.        , vanishes, e.g., for thermal systems 
      at zero temperature. More specifically, in the escape rate theory the steady 
Kramers rate         or our non-steady one         leads to no thermal activation at 
zero temperature. Yet, it is expected that non-classical effects on both Brownian 
particle and environment account for the appearance of novel phenomena in the 
quantum realm at low temperatures, e. g., the quantum mechanical tunneling. Such 
quantum effects on the Brownian motion of a particle we call Quantum Brownian 
Motion27. In this context, a remarkable upshot is to predict quantum Brownian 
movement at zero temperature. 
            Our contribution to a general theory of quantum Brownian motion consists in 
deriving quantum master equations for both non-thermal and thermal systems via a 
non-Hamiltonian method of quantizing Fokker-Planck equations. For thermal 
systems, in Sect. 3.1 our main finding is the derivation of the non-Markovian 
Caldeira-Leggett equation for a particle in the presence of a heat bath of harmonic 
oscillators and its generalization to bosonic and fermionic baths. Sect. 3.2 in turn is 
devoted to discussing our Hamiltonian-independent method of quantizing Brownian 
motion pointing out the need of going beyond the Caldeira-Leggett Hamiltonian 
model.      
3.1. Deriving non-Markovian quantum master equations 
3.1.1. Non-thermal systems 
We consider a Brownian particle immersed in a non-Gaussian environment 
described by the generalized Langevin equations       and its corresponding 
Kolmogorov equation in phase space, Eq.       . We now wish to quantize such  
generalized Brownian movement by means of a non-Hamiltonian quantization 
process called dynamical quantization [181-190]. 
Following closely our previous works [189,190], we first obtain the equation of 
motion 
                                                          
27To the author’s knowledge, the first glances of an eventual quantum Brownian motion arose in the paper by 
Einstein and Stern [350] on arguing in favor of the existence of molecular agitation at zero temperature. Yet, 
Einstein accomplished no attempt towards quantizing the diffusion equation derived by him in his 1905 
paper [194]. In Sect. 5 we show how we can quantize directly a non-Markovian generalization of the 
Einstein’s diffusion equation.  
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after performing on the Kolmogorov equation        the Fourier transform  
                                                          
 
  
                
 
  
                                    
where the exponential      is deemed to be a dimensionless term. Notice that in the 
case     Eq.       is simply the marginal probability distribution function  
                        
 
  
.   
Once obtained Eq.      ,  the Kolmogorov stochastic dynamics        is said 
to be quantized by introducing the following quantization conditions  
                                                                        
  
 
                                                            
and 
                                                                       
  
 
                                                            
so as to derive the non-Gaussian quantum master equation     
                                                   
            
  
                                                            
with  
                                              
     
 
        
       
    
 
  
                        
Equation of motion        describes a quantum Brownian particle in the presence of a 
generic quantum fluid.  
The parameter   characterizing the change of variables              , 
given by Eqs.        exhibits dimensions of angular momentum, i.e.,       
               , and hence it is assumed to be identified numerically and 
conceptually with Planck’s constant (divided by   ), whereas the variable   displays 
dimensions of                       , as expected from the Fourier 
transformation      . The geometric meaning of the quantization conditions       has 
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to do with the existence of a minimal distance between the points    and   , i.e., 
            , by virtue of the quantum nature of space, so that in the classical 
limit    , physically interpreted as             , the mathematical point   
        can be readily recovered.  
On going from the classical equation of motion       to the quantum dynamics 
      via both quantization conditions      , we have replaced the classical function 
           with the quantum function             , for   turns out to depend 
on the Planck constant,  . Moreover, we dub            the von Neumann function 
because our Eq.       changes into the von Neumann equation in the absence of 
environment (see Appendix F). Physically, our quantization conditions       stand 
for that a quantum Brownian particle does display two coordinates    and    moving 
at the same time in the quantum configuration space in contrast to the classical 
Brownian particle described by only one coordinate   in the classical configuration 
space given by Eq.      , with                          
 
  
. So, it is the 
difference of the two motions that gives rise to quantum effects28.   
By assuming          and taking into consideration the Gaussianity 
condition        
   , our non-Gaussian quantum master equation       reduces 
to 
  
  
  
                
  
  
 
   
   
  
   
   
  
    
       
 
 
  
   
 
  
   
  
 
 
               
                          
which corresponds to the quantization of the non-Markovian Fokker-Planck equation 
      . In the Gaussian quantum master equation       the time evolution parameter 
 , the mass  , the frictional constant  , as well as the correlational function     , 
given by Eq.       ,  have been deemed to be non-quantized quantities, that is, they 
are  -independent quantities, in contrast to the classical diffusion energy   that has 
been quantized via      . In brief, the quantum nature of Brownian motion shows 
up through both the variable change       and the quantization of the environment 
encapsulated in the quantum diffusion energy   .          
 
 
                                                          
28
This interpretation is also valid for isolated quantum systems (see Appendix F). In Refs. [184,187,190] we 
have shown that the Fourier transform       endows classical mechanics with a commutative operator 
algebra which in turn generates two quantum-mechanical algebras via the quantization conditions      .   
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3.1.2. Thermal systems 
The physics of an environment made up of a myriad of moving quantum 
particles is assumed to be determined by the statistical thermodynamics (see 
Appendix G) according to which thermodynamic quantities turn up in conjunction 
with statistical properties [351]. For instance, the temperature —a  -independent 
physical quantity— is looked upon as the fundamental thermodynamic concept 
characterizing the environment as a whole in thermal equilibrium situations, whereas 
the environmental particles may be  probabilistically described by means of three 
kinds of  -dependent statistics: The Maxwell-Boltzmann statistics, the Bose-Einstein 
statistics or the Fermi-Dirac statistics. On the basis of each of these statistics, one can 
calculate the thermodynamic internal energy          that in turn turns out to be 
statistically interpreted as the mean energy of the environmental particles. For this 
reason, under the assumption that it is such a kind of thermo-statistical energy   
which actually accounts for the quantum Brownian motion, the diffusion energy    
present in our quantum master equation        is to be identified with the reservoir’s 
internal energy per particle, i.e.,       
                                                                     
      
 
                                                            
Heat bath of quantum harmonic oscillators. On assuming the environment to be a 
heat bath consisting of   quantum harmonic oscillators with angular frequency  , the 
Brownian particle’s quantum diffusion energy       reads (see Appendix G)  
                                                              
  
 
     
  
    
                                                   
where     is the thermal energy of the heat bath at high temperatures,         , 
whereas      corresponds to its quantum zero-point energy at    :  
                                                                   
  
 
                                                             
Notice that in expression       besides the temperature  , the angular frequency  , 
as well as the Boltzmann constant    do not depend on Planck’s constant  . They are 
then looked upon as classical quantities even in the quantum realm.   
Heat bath of fermions. On the condition that the quantum Brownian motion takes 
place in presence of a fermionic heat bath of noninteracting particles contained in a 
volume   and displaying spin degeneracy       , the diffusion energy       
turns out to be (see Appendix G) 
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where          is the fugacity of the quantum gas expressed in terms of its 
chemical potential  . At low temperatures     the quantum diffusion energy       
becomes  
                                                      
 
 
       
   
  
  
  
                                            
where    is the Fermi temperature defined as   
                                                                      
  
  
                                                                     
   being the Fermi energy   
                                                         
  
  
 
   
 
 
   
 
 
 
 
   
                                              
expressed in terms of the thermodynamic quantities   and  . From Eq.        and 
using Eq.      , it follows that the diffusion energy of a quantum Brownian particle 
moving in a fermion gas at     is determined only by the Fermi energy, i.e.,  
                                                                     
 
 
                                                   
                       
Heat bath of bosons. If the quantum Brownian particle is immersed in an ideal boson 
gas, consisting of   free noninteracting particles in a volume  , whose internal 
energy is given by    , then its  bosonic diffusion energy reads (see Appendix G) 
                                           
      
       
 
      
    
 
     
 
 
 
                                        
         being the fugacity and the quantity       , which assumes integral 
values, the degeneracy factor of the spin states.     in turn is dubbed the Bose-
Einstein temperature defined as 
                                                        
    
   
 
 
     
 
   
 
 
 
 
   
                                  
At temperatures below or equal to    , the quantum diffusion energy of a Brownian 
particle due to the internal energy of the bosonic gas  reads [352,353] 
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leading to the zero-point diffusion energy     
                                                                                                                           
which is equal to the diffusion energy        at      .   
 
 Both quantum diffusion energies       and        at high temperatures,  
        , tend to the classical thermal energy       for the case of an one-
dimensional gas of fermions or bosons.  
 
3.2. Discussion: Going beyond the Caldeira-Leggett model 
  
 We have stressed in recent articles [189,190] that the non-Markovian master 
equation      , with     ,    given by Eq.      , and       , becomes the 
Markovian Caldeira-Leggett equation   
  
  
  
                     
  
  
 
   
   
  
   
   
               
  
   
 
  
   
 
          
  
    
        
                                                                
which in turn reduces at high temperatures, i.e.,       , to  
  
  
  
                     
  
  
 
   
   
  
   
   
               
  
   
 
  
   
 
 
       
 
       
                                                                                
Both Markovian Caldeira-Leggett quantum master equations        had been 
originally derived on the ground of the path-integral-based Feynman quantization 
procedure29 [25,163,354,355] as long as the Brownian particle and heat bath are 
initially uncorrelated30. The master equation         was found by Caldeira, 
                                                          
29
Indeed, Eq.         had been first derived by Agarwal [144] (see also Ref. [138]) without making use of 
path integrals. 
30
The uncorrelated initial condition assumption between the Brownian particle and thermal bath is criticized 
as being thoroughly non-realistic, since they give rise to non-physical results [356-363].   
60 
 
Cerdeira, and Ramaswami [364] under the condition of weakness of the damping
31
, 
i.e.,     (for any temperature  ), whereas Eq.         was first derived by 
Caldeira and Leggett [365] at high temperatures          (for any  ). In 
contrast, it is worth highlighting that according to our approach to quantum Brownian 
motion the non-Markovian equation         has been derived for any initial 
condition             , friction constant  , and temperature  .  
 
 Further, because both Markovian Caldeira-Leggett equations        are not of 
the Lindblad form [128,129,366,367], they are plagued with the problem of positivity 
of the von Neumann function           , so giving rise to unphysical results 
[133,138,139,151,240,368,369]. In brief, it has claimed that the derivation of both 
Markovian Caldeira-Leggett equations       , as achieved in Refs. [364,365] on the 
basis of a model Hamiltonian, cannot be looked upon as a bona fide description of 
quantum Brownian motion [139,189,190,356-363,370,371].  
 
 As a last comment, we would like to stress that because our non-Markovian 
master equation       leads to Markovian Caldeira-Leggett equations we have 
dubbed it the non-Markovian Caldeira-Leggett equation. Moreover, as far as the 
quantum diffusion energy       and         are concerned, we say that our non-
Markovian Caldeira-Leggett equation       is in presence of a heat bath of fermions 
and of bosons, respectively. Such an upshot has been reached without resorting to any 
Hamiltonian (or Lagrangian) model as performed in Refs. [139,173,372-375]. This 
fact suggests that we should go beyond the Caldeira-Leggett model so as to fathom 
the gist of quantum Brownian motion. Hence, we intend in the next Chapter to 
provide physical significance to our non-Hamiltonian approach by investigating the 
quantum master equation       in presence of three kinds of thermal baths.   
 
 
 
 
 
 
 
                                                          
31
 Recently, making use of the influence functional path-integral method of Feynman and Vernon [163], 
Fleming et al. [370] have shown that the Caldeira-Leggett equation found in Ref. [364] cannot be considered 
the correct quantum master equation in the weak coupling regime. 
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4. Quantum Brownian free motion  
In the sequel, we scrutinize the quantum Brownian motion of a free particle 
described by the non-Markovian quantum master equation       in a general 
environment   . First, we take up a description in terms of quantum Fokker-Planck 
equations in the Wigner representation of quantum mechanics. Next, a description in 
terms of quantum Langevin equations is advanced.    
 
4.1. Description in terms of quantum Fokker-Planck equations 
 
4.1.1. The Fokker-Planck equation in quantum phase space 
 
In the absence of external potential, i.e.,              , the non-
Markovian quantum master equation       reads  
 
             
  
  
  
  
  
 
   
   
  
   
   
              
  
   
 
  
   
  
 
      
 
    
  
          
                                                                    
                                                                                                                                                                                                                                                                                      
where we have used      and              . In the Wigner representation of 
quantum phenomena [376] the equation of motion in quantum configuration space 
      changes into the following dynamics in quantum phase space32 (a sort of 
quantum Fokker-Planck equation) 
                       
  
  
  
 
 
  
  
   
 
  
            
  
   
   
   
                          
 
where           . The quantum Fokker-Planck equation       has been 
obtained after performing upon Eq.       the Fourier transform, the so-called Wigner 
function [376], 
                                      
 
   
            
  
 
 
                   
 
  
               
                                                          
32
The quantum Fokker-Planck equation       can be viewed as the quantization of the classical Fokker-
Planck equation       , with       and       , on performing the notational change      and 
   .  
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  For the case of a free particle, it is straightforward to show that underlying the 
quantum Fokker-Planck equation       there exist the quantum Langevin equations 
(see Appendix C) 
                                                 
     
  
                                                       
 
                                                 
     
  
 
    
 
                                                                           
the Gaussian random function     having the following statistical properties  
 
                                                                                                                                          
and 
                                                          
         
                                            
Notice that the mass  , the frictional parameter  , the correlation time   , as well as 
both statistical properties       are not quantized. Non-classical effects enter only 
through the quantum diffusion energy    in Eq.       . While Eq.       sets up a 
description of a free particle in terms of quantum Fokker-Planck equation, the 
differential equations      , along with properties      , describe it in terms of 
quantum Langevin equations to be studied in Sect. 4.2.   
 
4.1.2. The initial condition 
 
To solve Eq.      , we start with the Gaussian initial condition  
 
                                                        
 
  
 
  
   
   
   
                                               
which couples the Brownian free particle of mass   with the environment through 
the constant   displaying dimension of time. It could therefore be identified with the 
relaxation time        
   or the correlation time   , since such time scales are 
present in the quantum Fokker-Planck equation      . In the first case the initial 
condition       would be Markovian, while in the second one it would be non-
Markovian. Further, since the function       gives rise to              , 
             , and                , the range of   is      . So, it is 
readily to verify the Heisenberg fluctuation relationship         =    , where 
                      and                      .  
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4.1.3. The time-dependent solution 
 
               We intend to find a time-dependent solution          to the quantum 
Fokker-Planck  equation       in the factored form 
  
                                                                                                                        
 
but satisfying the Heisenberg minimal fluctuation relationship  
       
                                                                       
 
 
                                                              
 
which measures the localization of any quantum particle in phase space. To find out 
the function       in Eq.      , we perform the integral transformation       
           
 
  
 on Eq.       and obtain the so-called quantum Rayleigh equation in 
momentum space [189,190]  
                          
       
  
   
 
  
                   
  
   
        
   
          
whose solution is the Gaussian function    
                                                           
 
       
 
   
                                                     
with  
      
  
  
    
    
 
       
    
 
   
    
        
        
  
                 
Notice that function        is mathematically and physically well-defined as long as  
      , implying         Moreover, it bears the following four parameters 
related to time scales: The evolution time   (e.g., the observation time), the parameter 
  (due to the initial condition), the relaxation time        
   (due to Markovian 
dissipation process), and the correlation time    (due to non-Markovian fluctuation 
process).  
 
 Solution        leads to           and              . Hence, the root 
mean square momentum      reads  
                                                                                                                                   
From the Heisenberg constraint      , it follows that the position fluctuation is   
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It is readily to check that this result        is generated by the Gaussian function  
 
                                                                   
     
   
 
        
                                         
Accordingly, using        and        our solution       reads  
                                                                 
 
  
 
  
  
     
 
       
  
 
                              
 
4.1.4. The steady regime 
 
              In the stationary regime    , physically interpreted as the evolution time   
is too large in comparison with both the relaxation time        
   and the 
correlation time   , from Eq.         we have           . The probability 
distribution function        then becomes   
 
                                                 
 
  
 
  
  
    
 
     
 
  
 
                                        
  
The momentum        and position        fluctuations become, respectively,  
 
                                                                                                                         
and 
                                                         
 
     
                                                         
 
Since the Heisenberg constraint reads              the localization of quantum 
particles relies only on the Planck constant, as expected from Eq.      .   
 
             For thermal systems, the following temperature regimes may be taken into 
account:  
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(a) High-temperature regime. For the case of thermal environments (a bath of 
quantum harmonic oscillators, and both fermionic and bosonic baths), the diffusion 
energy    tends to the classical thermal energy       as far as the high-
temperature regime    , i.e.,                  , is concerned. So quantities 
       and        turn out to be written, respectively, as 
 
                                                                                                          
and 
                                                   
 
      
                                               
so implying that a quantum Brownian free particle at high temperatures obeys the 
energy equipartition through the momentum fluctuation       , despite quantum 
effects on its displacement fluctuation       33. In the classical limit     the 
position turns out to be a deterministic variable. 
 
(b) Zero-temperature regime. A quantum Brownian free particle immersed in a heat 
bath of harmonic oscillators with angular frequency   is characterized by the 
diffusion energy                        valid for all temperatures    . The 
low-temperature regime is specified by the limit     , physically interpreted as 
        . Thus, at     we obtain from Eqs.        and       , with    
    , both results  
                                                               
   
 
                                                      
and 
                                                 
 
     
                                                     
 
In the case of a Brownian free particle in a fermionic bath at low temperatures,    is 
given by Eq.       . So we find at       
 
                                                              
 
 
                                                         
and 
                                                          
33
Result        suggests the existence of quantum effects at high temperatures, thereby implying that the 
high-temperature regime may not be a sufficient condition for the classical limit of quantum-mechanical 
quantities.     
66 
 
                                                              
 
  
  
   
                                                   
For a bosonic environment the quantum diffusion energy of a Brownian free particle 
at temperatures below or equal to the Bose-Einstein temperature     is given by Eq. 
      . Thus, at     we find 
                                                                                                                 
and 
                                                         
 
           
                                             
Therefore, a quantum Brownian free particle in the steady regime obeys the 
Heisenberg relation              in the three cases of thermal reservoirs at zero 
temperature. That result bears out the assumption       according to which the 
localization of particles in quantum phase space is independent of their mass, the 
time, the temperature and the thermal nature of the medium.  
 
As to the postulate of the energy equipartition, it is satisfied at high 
temperatures via Eq.        but it is violated at     in the cases       ,       , 
and       , as expected.  
 
4.1.4. The differentiability property 
 
From Eq.         at short times    , i.e.,             
  , we obtain 
                   , hence                      and        
               . Accordingly, both      and      are differentiable or analytic 
functions at    , i.e., 
 
                                                                
     
  
 
   
    
   
 
                                           
   
                                                                  
     
  
 
   
   
   
 
                                              
 
where   comes from the initial condition       and   is the dissipation parameter. 
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From a mathematical viewpoint, the differentiability property of both        
and      implies that the quantum Langevin equations       should be interpreted as 
true differential equations and not as integral ones according to a given interpretation. 
On the other hand, physically such analyticity property leads to the existence of two 
physical quantities for all time    : The quantum force               and the 
instantaneous velocity              . The time-dependent quantum force, also 
expressed as                          , acting on the free Brownian particle is 
given by 
                                                                        
   
 
                                                
where      is the dimensionless  function 
     
   
    
   
     
    
         
      
      
  
   
    
    
   
     
    
    
    
        
        
  
     
   
         
which is defined for        and ranges from        to       . For      
 ,      is attractive. At the instant of time when       ,       vanishes. In 
addition,      becomes a repulsive force for        towards the long-time regime 
when its influence decays to zero. Thus, the environmental force        is a non-
steady effect.   
   
 The differentiability of       in turn leads to the instantaneous velocity, 
                             ,  
                                                                         
   
 
                                                  
     being the following dimensionless function 
 
                  
    
   
    
   
     
    
    
    
        
        
  
    
            
where      is given by Eq.        . Due to Eq.        , both quantities      and 
     are connected through the quite formally suggestive equation   
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     being the quantum-mechanical acceleration  
      
    
 
    
    
 
       
    
 
   
    
        
        
  
        
                                                                                                                                     
A consequence of the existence of the instantaneous velocity        is the 
concept of time-dependent quantum diffusion coefficient               
                  , i.e.,  
                                                                      
   
 
                                                        
where the dimensionless function      is given by 
   
     
    
    
    
  
      
    
  
  
    
        
        
  
     
   
              
which should be defined for       . In the steady regime    , Eq.        
vanishes , whereas at     it is given by          . 
 It is worth pointing out that both the instantaneous velocity        and the 
quantum diffusion coefficient        show up in our description of quantum 
Brownian free motion as a consequence of the Heisenberg relation      . 
4.1.6. The classical limit  
 
Formally, the limit     of the quantum state        yields the classical 
probability distribution function         , solution of Eq.       , i.e., 
   
                                                
   
                   
   
                                      
 
provided that           . In the quantum-to-classical transition the parameters 
       and    are deemed to be  -independent. So, it is said that the quantum 
Fokker-Planck equation       tends to the classical Fokker-Planck equation        in 
the limit    . In addition, the quantum Langevin equations       go to the classical 
Langevin equations      . 
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The physical significance of the classical limiting process        is the 
following: A classical free Brownian particle is characterized only by its momentum 
fluctuations, whereas its position   appears as a deterministic variable, thereby 
breaking down Heisenberg’s relationship      , i.e.,           . In other words, 
Eq.       is an intrinsically quantum feature without classical analogous. 
Alternatively, such a violation of Heisenberg’s relation can be viewed directly from 
the limit     of Eq.       . 
  
Also, as far as the classical limit     is concerned the Gaussian initial 
condition       tends to         , meaning that both   and   are sharp variables in 
the classical domain. 
 
 The classical limit of the quantum force        is  
                             
        
  
   
                          
  
    
                  
which is identical with Eq.        for thermal systems, i.e., as      . From result 
       and relation       , it follows that the corresponding classical acceleration 
reads  
                                   
 
 
        
  
   
                          
  
    
           
Moreover, assuming again the parameters      and    to be  -independent both 
the quantum instantaneous velocity        and the quantum diffusion coefficient 
       vanish in the classical limit, standing for that such physical quantities can 
exist only in the quantum realm. 
4.1.7. Determining the parameters   ,    and     
The quantum Brownian motion of a free particle in phase space, described by 
the Wigner function       , exhibits three independent time-scales related to the 
parameters  ,  , and    which in their turn do not depend on both the Planck constant 
70 
 
  and the quantum energy   . Nevertheless, under the assumptions that the three time 
scales  ,        
  , and    are identical with each other, i.e.,  
                                                                      
 
  
                                                              
 
and both the steady solution           and the initial condition            
are the same, i.e., 
                                                                                                             
it follows that      , and    turn out to be determined in terms of  both   and    as  
                                                                          
 
   
                                                              
 
                                                                            
  
 
                                                               
 
and 
                                                                           
 
   
                                                             
 
As far as thermal systems are concerned, the parameters      and   rely on 
the temperature of the heat bath after identifying the Brownian particle’s quantum 
diffusion energy    with Eqs.      ,      , or       . In the case of a heat bath of 
quantum harmonic oscillators, whereby                       , we have    
 
                                                               
 
      
  
    
 
                                                   
and  
                                                               
 
 
     
  
    
                                                   
 
At high temperatures         , although the diffusion energy          does 
not depend on  , the parameters             and         hold  -dependent. 
In contrast, in the quantum limit at    , both      and   render  -independent, 
thereby being determined only by the angular frequency of the bath oscillators, i.e., 
       
   and      , while the diffusion energy is  -dependent:        . 
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For a fermionic thermal reservoir at low temperatures, characterized by Eq. 
      , the correlation time        reads 
                                                                  
  
        
   
   
 
  
 
 
 
                                 
 
whereas the frictional parameter         becomes 
  
                                                              
 
 
    
 
   
   
  
 
 
  
 
 
                                     
 
Both quantities         and         are also defined at zero temperature as    
              and                , respectively.     
 
Lastly, in a bosonic heat bath at temperatures below or equal to    , given by 
Eq.       , we find  
  
                                          
 
        
  
   
         
 
   
 
 
 
                                
and   
                                            
      
 
  
  
   
         
 
   
 
 
                                  
 
leading respectively to                and               at    .   
 
4.1.8. The quantum force 
 
On inserting the parameters       ,       , and        into expression       , 
the quantum force reads  
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expressed now in terms of only two time scales: The evolution time   (e.g., the 
observation time) and the quantum time         , interpreted physically as a 
correlation time or a relaxation time by virtue of our assumption       .  
 
 In the time window             , the force        renders attractive. 
At the instant         it vanishes, becoming a repulsive force for           ,  
and going towards the long-time regime            when its influence decays 
to zero. It is worth noting that the existence of the non-equilibrium thermal force 
       for all time     accounts for the analyticity property of the root mean square 
momentum 
                                                     
     
   
     
                                    
 For thermal systems the quantum diffusion energy    in Eq.        at high 
temperatures is proportional to    . Making use of the diffusion energy       at high 
temperatures         , the quantum force        reads 
 
                 
        
  
 
     
       
     
   
     
     
    
     
      
   
          
  
   
            
 
Note that the thermal force         is an intrinsically quantum effect, for it is not 
defined as    . Besides, it does depend on the evolution time   and the thermal 
quantum time scale         . At    , the quantum force 
                  corresponds to the momentum fluctuation            
which in turn implies the validity of the energy equipartition theorem of statistical 
mechanics in the high-temperature regime. At     , we have                , 
while in the cases when        and          for example, the magnitude of the 
thermal force         is given by           
       and            
       , 
respectively. Therefore, measuring the thermal force         can indicate deviations 
from the equipartition theorem at times of the order of          . For example, 
employing      
                 and                  for a particle of mass 
        kg immersed in a thermal bath at room temperature       K, Eq.         
leads to           N at         s.    
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The quantum force brought about by a thermal reservoir of quantum harmonic 
oscillators at     . Inserting Eq.       , i.e.,        , into the quantum force 
       provides   
 
                                    
    
 
             
                
                                    
 
generated by the momentum fluctuation                               , 
breaking down the energy equipartition at zero temperature for all times    . For 
instance, Eq.         with            at         s yields the quantum force 
           N acting on the particle of mass        kg.     
 
The quantum force brought about by a thermal reservoir of fermions at     . The 
use of the fermionic diffusion energy at low-temperatures, Eq.       , into Eq. 
       leads to the following quantum force brought about by a heat bath of fermions  
  
         
 
 
 
         
   
   
   
  
  
  
  
   
           
              
                    
  
where we have introduced the dimensionless parameter  
 
                                                            
     
  
   
   
  
  
  
                                             
Such a fermionic force        corresponds to the momentum fluctuation 
                                                   which also 
predicts the violation of the energy equipartition for all    , i.e., for all times   
 .   
At     , Eq.        reads 
         
 
 
 
 
 
   
   
  
 
 
 
        
  
           
              
                         
with  
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while at zero temperature it goes to  
                                
 
 
 
         
   
           
              
                              
with  
                                                                      
     
  
                                                  
 Assuming a metal to be a Fermi gas of electrons at      
  K contained in a 
box, with a density                 [377], the zero-point fermionic force 
        on a quantum Brownian particle of mass         kg is predicted to be of 
order      N for short times         s.  
The quantum force brought about by a thermal reservoir of bosons at     . Using 
Eq.       , the quantum force brought about by a bosonic heat bath at both 
temperatures     and        reads  
 
                                  
  
  
           
   
           
              
                          
where the dimensionless quantity   is given by   
     
                                                                      
     
 
                                                        
     
The bosonic quantum force        is associated with the momentum 
fluctuation                                . Again, it is predicted no 
energy equipartition for bosonic system at zero temperature for all    , i.e.,     . 
Our Eq.        can therefore be employed for bearing out such a theoretical 
prediction. For example, at the Boson-Einstein temperature       K in an ideal gas 
of  He Eq.        predicts a bosonic force of order       N on a particle of mass 
        kg to occur at short time          s.    
The simple numerical examples above suggest that the strength of the quantum 
forces       ,       , and        brought about by thermal reservoirs at short times 
could be measured in experiences, for instance, using trapped ions in which 
measurement of forces of the order of yoctonewton, i.e.,       N, has been recently 
reported [378]. 
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4.1.9. The quantum instantaneous velocity 
 
Under conditions       ,       , and        the instantaneous velocity        
reads  
 
                                             
  
 
 
     
    
     
    
     
     
   
     
     
   
                               
Notice that this instantaneous velocity        also displays two time scales: The 
evolution time   and the quantum time         . At    , it becomes      
     . At     , we find                . In the cases when        and 
       , for instance, the magnitude of the velocity is given by 
            
       and              
       , respectively.    
 
The quantum instantaneous velocity brought about by a thermal reservoir of quantum 
harmonic oscillators. At high temperatures, such that         , Eq.        
becomes 
                         
   
 
 
      
    
      
    
     
      
   
      
     
   
      
  
   
                   
At    , Eq.         yields simply the classical instantaneous velocity:      
      , while for long times     it vanishes. Hence, the appearance of quantum 
effects occurs at      . At            , for example, we find          
4   / . Therefore, measuring the quantum instantaneous velocity at high-
temperatures, Eq.        , could suggest experimentally the validity of the 
equipartition energy theorem at     and its violation at time scales of the order of 
the thermal time          .     
 
As a numerical example, let us consider a particle of mass         kg 
immersed in a thermal bath at       K. Its initial instantaneous velocity is then 
about      m     according to the energy equipartition theorem [232]. Yet, during a 
span of time         s we find from Eq.         the instantaneous velocity 
                m    , thus standing for that quantum effects account for 
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diminishing the initial instantaneous velocity           m     of the Brownian 
particle.   
 
As far as         is concerned the instantaneous velocity        at zero 
temperature becomes  
                                        
  
  
             
                    
                               
predicting the violation of the energy equipartition for all    . By way of 
illustration, taking            the instantaneous velocity         at     of a 
particle of mass         kg is about      m    , reducing to about         m     
at        s.  
 
The quantum instantaneous velocity brought about by a thermal reservoir of 
fermions. The instantaneous velocity      of a free Brownian particle immersed in a 
heat bath of   fermions at low temperatures is given by Eq.       , with       
5   F1+5/12 2 / F2.  At zero temperature, it reads  
 
                      
     
  
 
      
      
      
      
     
      
     
      
       
   
                              
ranging from                 to       . Accordingly, the instantaneous 
velocity        also predicts the violation of the energy equipartition for all    . 
In a Fermi gas of electrons at      
  K, for instance, the zero-point fermionic 
velocity        at     of a particle of mass         kg is about           , 
about            at         s, and about            at         s.  
The quantum instantaneous velocity brought about by a thermal reservoir of bosons. 
In this case, the instantaneous velocity      of a free Brownian particle in a bosonic 
heat bath at and below the Bose-Einstein temperature is given by expression       , 
with                  
                 . At     and      , the 
instantaneous velocity      reads  
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ranging from                   to       . Thus, the instantaneous velocity 
       also leads to the violation of the energy equipartition for all    . 
In the case, for example, of an ideal gas of  He at which the Boson-Einstein 
temperature is       K, we find that the bosonic velocity        at     is 
                for a particle of mass         kg and about       m     at 
       s. 
 
4.1.10. The quantum diffusion coefficient 
 
Making use of assumptions       ,       , and        the quantum time-
dependent diffusion coefficient        turns out to be written down as   
 
                                        
 
  
 
     
    
     
    
     
     
   
     
     
                                        
At    , the Brownian motion of a free particle is characterized by the quantum 
diffusion constant  
                                                                          
 
  
                                                        
which depends only on the Planck constant   and the mass . It is readily to see that 
this is so because in the expression               both the initial position 
fluctuation      and the initial instantaneous velocity      do rely on the medium 
properties in the following way:                    and           . Our 
particle of mass         kg moves owing to the quantum diffusion constant 
                .  
Environmental effects present in the time-dependent quantum diffusion 
coefficient        show up at the time window                and are 
responsible for diminishing the initial diffusion constant          At   
          , Eq.        is null, rendering negative for             . Hence, the 
quantum diffusion coefficient        should be defined in the time range     
          .  
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The quantum diffusion coefficient brought about by a thermal reservoir of quantum 
harmonic oscillators. At high temperatures, Eq.        reads  
                       
 
  
 
      
    
      
    
     
      
   
      
     
    
  
   
                    
At room temperature, for example, environmental effects then emerge in the time 
interval           s.  
On the other hand, the quantum diffusion coefficient        at     becomes 
                                   
 
  
             
                  
                                        
At zero temperature environmental effects arise therefore owing to the angular 
frequency   at the time window        .  
The quantum diffusion coefficient brought about by a thermal reservoir of fermions. 
Using the fermionic diffusion energy        at zero temperature, Eq.         changes 
into  
                            
 
  
 
      
      
      
      
     
      
     
      
       
                                    
 
In a Fermi gas of electrons at      
  K, for example, environmental effects on the 
initial diffusion constant          appear for          s.  
 
The quantum diffusion coefficient brought about by a thermal reservoir of bosons. 
The quantum diffusion coefficient        in a bosonic heat bath at both temperatures 
    and       is given by  
 
                              
 
  
 
          
     
          
     
     
          
    
          
      
                          
 
In an ideal gas of  He, for instance, at which the Boson-Einstein temperature is 
      K, environmental effects show up at very short time scale     
    s, so 
diminishing the initial diffusion constant         .  
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4.2. Description in terms of Langevin equations 
 
4.2.1. Non-thermal systems 
 
From the quantum Langevin equations      , we can derive the following 
formal solutions  
                                                          
              
 
 
                     
and 
               
    
   
           
  
  
                     
 
 
                   
Starting from the initial condition       complying with assumption       , such that 
            and   
             , and making use of the statistical 
properties      , solution         yields          and the following momentum 
autocorrelation function 
                   
             
    
      
  
         
 
                           
 
valid for         , while solution         provides          and the 
displacement autocorrelation function 
 
                               
  
    
 
  
    
           
  
  
                                 
with  
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Notice that Eq.        should satisfy both conditions          and        
 .  
 For     , the momentum autocorrelation function        rightly yields  the 
root mean square momentum       . Yet, the displacement autocorrelation function 
       at      is  
                              
  
    
 
  
    
                                               
which is different from the root mean square displacement        for    . The 
function      in Eq.         accounting for non-Markovian effects is given by the 
expression 
     
  
  
     
  
      
   
      
  
  
          
  
      
  
  
             
                                                                                                                                    
Furthermore, it is worth pointing out that while both quantities        and        
satisfy the Heisenberg minimal fluctuation constraint      , Eq.        along with 
Eq.        obey the relationship  
                                                                     
 
 
                                                               
for    . Moreover, in contrast to solution        of the quantum Fokker-Planck 
equation      , solutions        in the Langevin description do predict that there 
exists the following correlation between      and      
               
 
  
          
 
  
          
  
        
  
  
         
 
  
        
  
  
                                                                                  
starting from the uncorrelated initial condition              toward the steady 
correlation                          
Differentiating Eq.        with respect to time leads to the instantaneous 
velocity     , which may be written down as  
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where the quantum diffusion coefficient      is given by      
     
  
   
          
  
   
 
      
      
      
  
   
 
 
      
      
      
  
                                                                    
                                                                                                                            
Note that both      and     above are mathematically well-defined functions for all 
   : While      ranges from        to       ,       goes from        
to the steady value           .  
 
 Summing up, in the Langevin description of the quantum Brownian motion the 
position fluctuation, given by Eq.       , is a differentiable quantity so implying that 
the quantum trajectory or path of a free particle is governed by the time-dependent 
diffusion coefficient    , Eq.       .  
 
 We now proceed to examine in details the behavior of      ,     , and     in 
both short- and long-time regimes. 
  
The long-time regime. For long times    , i.e.,          
  , the quantum 
Brownian motion of our non-Markovian free particle         attains the diffusive 
behavior   
                                                               
   
  
                                                        
while its instantaneous velocity        tends to  
 
                                                              
  
    
                                                   
 
Both quantum Brownian trajectories        and        are characterized by the 
stationary diffusion coefficient  
                                                        
  
   
                                                        
 
 Equations       ,       , and        depend on environmental features 
through the quantum diffusion energy    and the coupling constant  . If         , 
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for example, the diffusive regime       ,       , and        has the following 
explicitly non-Markovian nature  
                                                          
  
     
                                                         
 
                                                           
 
      
                                                        
 
and 
                                                       
 
     
                                                         
 
Yet, assuming    to be given by the non-thermal energy      , we obtain the 
Markovian diffusive behavior  
                                                           
  
 
                                                               
                                                           
 
   
                                                           
and 
                                                         
 
  
                                                           
Inserting expression         into Eq.        , the diffusive regime of our quantum 
free Brownian particle turns out to be written down as               which is 
formally identical with Einstein’s law of diffusion of a classical Brownian particle   
            . Yet, in contrast to the classical diffusion constant      
       , the quantum diffusion constant           is independent of the 
properties of the environment. The Markovian diffusive regime        ,        , 
and         therefore stands out as a universal feature inherent in the quantum 
Brownian free motion, without any classical correspondent.  
 
The short-time regime. In the short-time regime    , i.e.,          
  , such that 
    , we obtain from Eq.        the non-ballistic behavior    
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while the instantaneous velocity        turns out to be     
 
                                             
  
    
 
  
 
   
    
  
 
                                       
 
For times        , the fluctuation        becomes a constant given by  
              and the instantaneous velocity        renders linear in time:  
          
     . On the other hand, for times         the non-ballistic 
behavior        turns out to be ballistic 
 
                                                                  
  
 
                                                        
 
and the instantaneous velocity        approaches a constant 
                                                                
  
 
                                                              
In both non-ballistic and ballistic regimes the diffusion coefficient is linear in time  
                                                             
  
 
                                                                
 
If      , then the upshoots       ,         and        are said to be 
Markovian effects and reliant on the environment via the friction constant  . 
Otherwise, if        , then Eqs.       ,         and        render non-Markovian.  
 
In the classical limit    , i.e., as     , Eqs.         and         read 
           and          , respectively. The quantum diffusion coefficient 
       in turn becomes            . 
   
4.2.2. Thermal systems 
A free Brownian particle in a thermal reservoir of quantum harmonic oscillators. The 
quantum Brownian motion of a free particle in the presence of a heat bath of 
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harmonic oscillators is described for all times by the Markovian properties 
             , and       , with                       . As far as the long-
time scale is concerned the diffusive regime at zero temperature, that is, Eqs.       , 
      , and        with        , is characterized by  
                                                  
  
   
                                                  
  
                                                  
  
    
                                                
and    
 
                                                 
  
   
                                                
 
On the other hand, at short time scales the free particle attains the non-ballistic 
regime determined by Eqs.        and        that at zero temperature read, 
respectively, 
                                                    
 
   
 
  
  
                                              
                                      
 
   
 
  
  
   
      
  
                                     
 
The non-ballistic regime         and         for times       turns out to 
be given by              and              . It becomes ballistic for 
     , i.e., 
                                                                  
  
  
                                            
with constant instantaneous velocity 
                                                                     
  
  
                                              
Both non-ballistic and ballistic regimes given above are characterized by the time-
dependent quantum diffusion coefficient 
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Moreover, notice that at short times Eqs.          ,          , and         are 
independent of frictional parameter, in contrast to Eqs.        ,        , and          
at long times.  
In the case of a Brownian particle of mass         kg in a heat bath of 
oscillators with           , the non-ballistic regime        ,        , and         
at           provides:            m,                , and               
   . At           and           , the ballistic regime        ,        , and 
        yields:            m,                , and                  . At 
long times      s and           , the diffusive regime        ,        , and 
        provides           m,               , and                  , 
respectively.   
A free Brownian particle in a thermal reservoir of fermions. At long times a free 
Brownian particle immersed in a heat bath of   fermions at low temperatures is 
described by Eqs.       ,       , and       , the diffusion energy being        
5   F1+5/12 2 / F2. Accordingly, at zero temperature we obtain the position 
fluctuation   
                                                         
  
   
                                                 
the instantaneous velocity 
                                                         
 
     
                                             
and the steady diffusion coefficient    
 
                                                       
 
    
                                              
 
At short time scales      and zero temperature, we obtain from Eqs.        
and        the non-ballistic regime 
                                        
   
       
 
    
 
                                              
and  
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At very short times                , Eq.         reduces to the constant 
                  and Eq.         to                      . In the case 
of ballistic behavior,                , we obtain from Eqs.         and 
        respectively  
                                                   
    
 
                                                           
and 
                                                  
    
 
                                                             
In both ballistic and non-ballistic regimes at short times, the time-dependent diffusion 
coefficient is given by the same expression:  
  
                                                  
    
 
                                                           
 
 For a Brownian particle of mass         kg in a Fermi gas of electrons at 
     
  K, at short times the non-ballistic regime occurs at         s and the 
ballistic one at         s. So, at         s we obtain the non-ballistic behavior  
           m,               , and                , while at         s we 
find the ballistic one            m,               , and                  . 
On the other hand, at        the particle reaches the diffusive regime characterized 
by           m,               , and                  . Here, we have used 
          . 
 
A free Brownian particle in a thermal reservoir of bosons. Quantities              , 
and       , with                  
                 , describe a free 
Brownian particle in a bosonic heat bath at and below the Bose-Einstein temperature. 
At     and      , specifically, we obtain at long times  
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and 
                                       
         
   
                                              
 
while at short time scales     we have the non-ballistic regime 
    
              
  
          
 
         
 
                                        
      
  
          
 
         
 
   
    
         
 
                 
                                                               
                                                                       
At very short times              , Eqs.         and         become 
                    and                        , respectively. For 
             , the following ballistic regime is attained  
 
                                          
         
 
                                              
                                         
         
 
                                     
                                           
Both ballistic and non-ballistic regimes are governed by the time-dependent diffusion 
coefficient 
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In the case of a particle of mass         kg in an ideal gas of  He at       
K, at short time scales          
   the non-ballistic regime occurs for times of the 
order of       s, whereas the ballistic one is found to arise at times         s. At 
        s, we obtain            m,               , and                  . 
At        s, we find            m,               , and                  . 
At      s, we have the diffusive regime:           m,                , and 
                . 
A free Brownian particle in quantum thermal reservoirs at high temperatures. At 
high temperatures    , i.e.,                , the diffusion energy of the 
three quantum thermal systems renders  -independent:         . Accordingly, 
we obtain from Eqs.              , and        the classical Brownian motion in the 
diffusive regime 
 
                                                      
    
  
                                           
                                                       
   
    
                                                  
and 
 
                                                       
   
   
                                                    
 
Therefore, a quantum free Brownian particle at high temperatures behaves classically 
in the diffusive regime, that is, without any influence of Planck’s constant on its 
movement. However, at short time scales    , such that     , we find the 
following quantum effects on       and      in the non-ballistic regime  
                                         
  
     
 
   
 
                                         
and 
                
  
     
 
   
 
   
    
   
 
                                       
 
although the diffusion coefficient              behaves classically  
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In the classical limit    , physically interpreted as         , the non-
ballistic  quantum behavior         becomes ballistic,             , while the 
quantum instantaneous velocity         tends to the time-independent instantaneous 
velocity            , whose measuring has recently borne out the energy 
equipartition theorem of statistical mechanics [232].  
 
Moreover, it is predicted that the quantum instantaneous velocity         can 
break down the equipartition theorem at quantum time scales         . At room 
temperature, for example, in Eq.         the classical ballistic regime turns to be 
valid for times         s while the quantum non-ballistic one comes about at times 
        s. At very short time scales        , Eq.         predicts a non-zero 
displacement fluctuation            m, albeit both       and     virtually vanish. 
 
By way of example, let a particle of mass         kg be immersed in a 
thermal bath at room temperature       K, the quantum non-ballistic regime  
       ,        , and         at short times         s yields the following 
approximate numerical values:            m,           m    , and            
      . Yet, the same Eqs.        ,        , and         at        s provide the 
classical ballistic regime characterized by           m,           m    , and 
                .   
 
4.3. Summary 
 
 We have described the quantum Brownian motion of a free particle in terms of 
both Fokker-Planck and Langevin equations. Both descriptions start from the same 
initial condition       satisfying the Heisenberg minimum relation             . 
Nevertheless, the time-evolution of the Wigner function via the quantum Fokker-
Planck equation       is constrained to the Heisenberg minimum relation       for all 
times    , whereas the description based on the quantum Langevin equation       
obeys the Heisenberg relation in its more general form given by Eq.       .  
 
On the one hand, the Fokker-Planck description of quantum Brownian free 
motion does feature the following upshots: 
 
90 
 
(a) The state of a quantum Brownian free particle is described by the time-
dependent Wigner function       , solution of the quantum non-Markovian 
Fokker-Planck equation      . The consequences of its steady solution 
       have been investigated at both high and zero temperatures, as 
expected. The energy equipartition theorem of statistical mechanics is 
obeyed by the quantum free particle in the high-temperature regime, 
whereas it is violated at zero temperature. Such a prediction could be 
verified for both bosonic and fermionic heat baths as well as in the case of a 
thermal reservoir of quantum harmonic oscillators. 
 
(b) The differentiability property of both fluctuations      and      at     
leads respectively to the concepts of instantaneous velocity,      
        , and of environmental force,              , which are valid 
for all    . In addition, multiplying      by      gives rise to the concept 
of quantum diffusion coefficient, i.e.,              . 
 
(c) For thermal systems, both the quantum force and the instantaneous velocity 
can measure deviations from the energy equipartition theorem at high and 
low temperatures, including the     case. For example, measuring the 
thermal force         brought about by a thermal heat bath of quantum 
harmonic oscillators at high temperatures can indicate deviations from the 
equipartition theorem at times of the order of the quantum time    
      . This conclusion can be also reached by measuring the quantum 
instantaneous velocity at high-temperatures via  Eq.        .   
 
On the other hand, the Langevin description of quantum Brownian free motion 
does feature the following upshots: 
 
(i) The quantum diffusive regime as     is governed by the displacement 
fluctuation              and the instantaneous velocity 
             , where      is the stationary quantum diffusion 
constant            . For non-thermal systems in which      , 
for instance, the diffusive regime, given by Eqs.         and        , 
reveals to be a universal Markovian property valid for any environments. 
Moreover, for thermal environments at high temperatures, whereby 
        , the classical Markovian diffusive regime is regained: 
                           , with            .  
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(ii) At short times, it is predicted that the non-ballistic regime is given by 
Eq.        that in turn becomes ballistic at times        . For 
thermal systems at high temperatures, the classical ballistic regime is 
obtained, leading to the validity of the energy equipartition theorem. Yet, 
the quantum ballistic regime at low temperatures causes the violation of 
such a theorem. The same conclusion is reached starting from the non-
ballistic regime for thermal environments at low temperatures.       
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5. Quantum Smoluchowski equation 
In the classical domain the Brownian movement undergone by a particle in the 
absence of inertial force is described by the Langevin equation        and its 
corresponding non-Gaussian Kolmogorov equation in configuration space       . In 
Sect. 5.1 we show how quantum effects on the non-inertial Brownian motion can be 
studied by quantizing directly the equation of motion       . In the Gaussian 
approximation a non-Markovian quantum Smoluchowski equation in phase space is 
derived. Next, our quantum Smoluchowski equation is solved for the cases of a free 
particle and a harmonic oscillator in Sects. 5.2 and 5.3, respectively, for both thermal 
and non-thermal environments. The thermal systems (heat bath of quantum harmonic 
oscillators, of fermions, and of bosons) are treated at zero and high temperatures. 
Lastly, a discussion on some quantum Smoluchowski equations existing in the 
literature is presented in Sect. 5.4. 
5.1. Quantizing the Kolmogorov equation in configuration space 
In this section we wish to show how quantum effects on the non-inertial 
Brownian motion can be studied by quantizing directly the equation of motion 
      .   To this end, let            and            be two distinct solutions of 
Eq.        given respectively at points    and at    
                                   
        
  
  
     
  
  
   
                   
 
   
                             
                             
        
  
  
     
  
  
   
                  
 
   
                              
where          and          are coefficients associated with solutions         and 
       , respectively. Multiplying (  1a) and (  1b) by         and        , 
respectively, and then adding the resulting equations we arrive at   
   
           
  
  
     
  
 
  
   
          
  
   
                                  
 
   
 
where                           . By quantizing via quantization conditions 
      and making use of the relations 
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and 
                                                          
 
   
 
 
 
 
  
 
 
 
 
  
                                                      
the classical equation (  2) becomes the quantum Kolmogorov equation in 
configuration space       , where             and         ,   
                                                     
         
  
                                                          
the  -dependent operator    being given by 
    
     
  
 
   
  
 
   
 
 
 
 
  
 
 
  
     
 
   
 
 
 
 
  
 
 
  
      
  
 
              
   
5.1.1. Quantum Smoluchowski equation in phase space  
 The quantum Kolmogorov equation (  4) exhibits non-Gaussian features in 
full. Yet, as far as the Gaussian approximation        
   , or       , is 
concerned it reduces to the following quantum master equation   
  
  
 
 
  
 
     
  
 
 
 
 
  
 
 
       
   
 
  
  
  
 
  
      
   
  
  
 
 
  
 
      
   
 
 
 
 
  
 
 
       
   
   
      
  
 
   
   
 
 
  
   
   
              
where we have used            ,     and assumed         . The quantum 
equation of motion        does correspond to the quantization of the non-Markovian 
Smoluchowski equation (    ) (see Appendix H). Hence, we call it the quantum 
Smoluchowski equation in configuration space       . Its solution           can be 
viewed as a density matrix whose elements are given by the coordinates   
          and         . The diagonal elements       follow the time 
evolution 
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It is not evident that both equations       are compatible with the Heisenberg 
fluctuation relationship. Hence, we resort to the phase-space representation of 
quantum mechanics upon performing the Fourier transform (the Wigner function) 
                                                     
 
  
               
 
  
                                       
on Eq.      . In so doing, we arrive at the quantum Smoluchowski equation in phase 
space 
         
  
 
 
  
     
  
         
  
 
 
  
      
   
         
  
 
      
  
          
   
 
  
   
      
   
          
     
 
  
   
      
   
          
   
  
 
  
      
   
 
       
    
              
                                                                                                                                      
For harmonic potentials the terms proportional to    in both equations of motion 
      and       do not occur, while in case of anharmonic potentials they result from 
higher-than-second-order derivatives in               (see Appendix H). 
Initial condition. Our quantum phase-space Smoluchowski equation       may be 
solved starting from the non-thermal initial condition 
                                                                
 
  
 
  
   
   
   
                                   
leading to the distribution                     in the classical limit      
The constant   has dimensions of time and is assumed to be  -independent. The 
Gaussian probability distribution function       fulfills the Heisenberg minimum 
fluctuation relationship                              . 
Classical limit. Taking into account the condition 
                                                                                                                                           
which implies from the Wigner transform       that                  , we 
obtain from Eq.       the following equation of motion  
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and next taking the classical limit    , such that   
                                                                          
   
                                                             
and 
                                                                      
   
                                                      
the quantum Smoluchowski equation in phase space       reduces to the classical  
Smoluchowski equation in configuration space (   6):  
       
  
 
 
  
     
  
       
  
 
 
  
      
   
       
 
  
    
        
   
        
 It is worth noting that the quantum Smoluchowski equation in configuration 
space        violates the Heisenberg relation since the momentum displays no 
fluctuations in view of the condition      . This result suggests that   phase space, 
and not configuration space, is the suitable locus to investigate quantum Brownian 
motion in the absence of inertial force.  
 
5.2. Free particle 
5.2.1. Non-thermal systems  
 In the case of a free particle the quantum master equation        reads  
         
  
 
  
  
    
  
   
          
   
 
   
    
    
  
                         
where we have used              . Starting from the initial condition       the 
time-dependent solution of Eq.        reads 
                                                            
 
  
 
  
      
  
   
  
      
 
                           
where the function       is given by   
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Solution        leads to                ,                , and   
      
         . Accordingly, we obtain  
                                                           
  
  
 
   
  
       
  
                             
and  
                                  
 
                        
  
      
                       
satisfying              for all times    . 
The classical limit     of Eq.        yields  
                                                               
  
  
       
  
                                    
which is the same that Eq.        for thermal systems      . In contrast, the 
momentum fluctuation        vanishes in the classical realm, thereby standing for 
that the momentum is a deterministic variable. This result is consistent with the 
condition       for taking the classical limit. 
Long-time regime. From Eq.        at    , i.e.,               , it follows that 
the displacement fluctuation      asymptotically displays the diffusive behavior    
                                                                     
   
  
                                                  
whereas the momentum fluctuation        exhibits the following non-diffusive 
behavior   
                                                               
    
    
                                         
Quantity        as            turns out to be simply the Einstein law of classical 
diffusion, whereas momentum quantum fluctuation        vanishes, as expected. 
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Short-time regime. At short times    , i.e.,       
   , Eq.        becomes non-
ballistic  
                                                      
  
  
 
  
    
                                             
which in turn renders ballistic at            : 
                                                                     
  
    
                                                            
The classical limit of Eq.        is  
                                                               
 
    
                                                 
which is Eq.        for      .  
At short times the root mean square momentum              reads  
                                   
 
                     
                                          
and 
                                                                  
 
  
 
    
  
                                                         
at            . 
Instantaneous velocity and quantum force.  Due to non-Markovian effects both 
quantities        and        are differentiable at    . For this reason, there exist 
both the instantaneous velocity  
                        
  
  
    
  
   
                        
  
      
                       
and the attractive quantum force   
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From the existence of the instantaneous velocity        it follows that the quantum 
diffusion coefficient             , given by  
                                                                    
  
  
    
  
                                           
coincides with the diffusion coefficient in the quantum Smoluchowski equation 
      . 
The classical limit of Eq.        is given by  
                                               
 
 
    
  
   
          
  
      
                                  
which in turn becomes identical to Eq.        as far as the thermal diffusion energy 
      is concerned, whereas the quantity         vanishes as    , thereby 
implying that effects of the quantum force show up only in the quantum realm. 
Lastly, the quantum diffusion coefficient        becomes               
   /   in the classical limit. 
Long-time regime. At long time    , i.e.,               , both quantities 
       and        asymptotically render Markovian: 
                                                            
  
   
                                                       
and    
                                                              
 
 
 
  
   
                                               
where in this long-time regime the quantum diffusion coefficient        is steady, 
i.e.,  
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Short-time regime. On the other hand, at short times    , i.e.,       
   , Eqs. 
       and        hold non-Markovian:    
                                                                      
   
      
 
  
                                 
and 
                                                          
  
   
 
 
  
 
  
                                                    
The diffusion coefficient        also remains non-Markovian   
                                                                     
 
  
                                                   
5.2.2. Thermal systems  
 So far, we have studied the quantum non-inertial Brownian motion of a free 
particle immersed in a generic environment   . In order to provide physical 
significance to our theoretical predictions, Eqs.        and       , we now turn to 
consider at short and long times non-Markovian effects on a quantum free Brownian 
particle immersed in thermal environments at zero and high temperatures. 
Heat bath of quantum harmonic oscillators. The quantum diffusion energy    due to 
a heat bath of quantum harmonic oscillators is given by expression      . At zero 
temperature, we obtain from Eqs.        and        at long time the following 
Markovian quantities  
                                                                 
  
   
                                       
and    
                                                       
 
 
 
   
 
                                          
whereas at short time we find the non-Markovian behavior 
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Heat bath of fermions. According to Eq.        the quantum diffusion energy in a 
fermionic heat bath at     is given by           . Therefore, at long time 
   , Eqs.        and        read respectively  
                                                         
     
    
                                            
and    
                                                      
 
 
 
   
     
                                       
while at short times they become    
                                                 
     
       
 
  
                                       
and 
                                                   
     
    
 
 
  
 
  
                                          
Heat bath of bosons. According to Eq.        the quantum diffusion energy in a 
bosonic heat bath at     is given by             . Therefore, at long time 
   , Eqs.        and        turn out to be given respectively by   
                                                   
         
   
                                          
and    
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At short times we have    
                                      
         
 
 
 
   
 
  
                                    
and 
                                                
         
   
 
 
  
 
  
                                     
High temperatures. At high temperatures    , i.e.,                , we 
obtain in the long-time regime the results 
                                                         
   
   
                                             
and    
                                                     
 
 
 
  
    
                                        
Notice that the instantaneous velocity        is a classical effect because it is 
independent of the Planck constant  , whereas the thermal force        holds as a 
quantum effect.    
On the other hand, at short times we find that      and      hold quantum 
effects at high temperatures, i.e.,   
                                                      
    
      
 
  
                                   
and  
                                                  
   
   
 
 
  
 
  
                                             
5.3. Harmonic oscillator 
5.3.1. Non-thermal systems 
The quantum Smoluchowski equation      , with              , 
describing a harmonic oscillator           , is given by 
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where       is the time-dependent diffusion coefficient  
                                                                
  
  
    
  
                                               
The time-dependent solution. Starting from the initial condition       a time-
dependent solution to Eq.        reads     
                                                          
 
  
 
  
  
  
      
  
     
 
                                      
where the function      , given by   
       
  
 
 
    
   
   
 
    
    
   
    
       
  
    
    
  
                             
is expressed in terms of the time evolution  , the correlation time   , and the 
relaxation time         . Notice that in the limit     the function       
reduces to       ,       being given by Eq.        .  
 
Solution        yields                ,                 and 
                 . So we have the following fluctuations  
                                                                    
     
 
                                                          
                                                                   
 
       
                                                        
both satisfying the Heisenberg constraint             . The fluctuation         
generates the instantaneous velocity  
                   
 
       
 
   
         
  
  
    
    
    
   
   
 
    
                       
which is well defined at    , i.e., 
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while differentiating the root mean square momentum        yields the non-thermal 
force  
              
  
            
 
   
         
  
  
    
    
    
   
   
 
    
                    
which is also well defined at    : 
                                                                         
  
 
 
 
   
                                               
The existence of both quantities         and         implies that the root mean 
square displacement        and the root mean square momentum        are said to 
be differentiable functions for all    . 
 Multiplying Eq.        by Eq.        leads to the following quantum diffusion 
coefficient,             , 
                                   
  
         
  
  
    
    
    
   
    
 
    
                          
which coincides with the diffusion coefficient of the quantum Smoluchowski 
equation, Eq.        , only in the free particle limit    . The diffusion coefficient 
       at     becomes  
                                                                        
   
    
                                                
in contrast to the diffusion coefficient         at     which vanishes, i.e.,       
 . Notice that the upshot         for     is a genuine quantum effect since it 
vanishes in the classical limit    , assuming the parameter   to be independent of 
the Planck’s constant.   
Steady solution. In the long-time regime    , physically interpreted as   
           , the probability distribution function        renders  steady, i.e.,    
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while both fluctuations        and        become, respectively,   
                                                                             
  
 
                                                     
and  
                                                                          
 
 
 
 
  
                                                   
In contrast, both the instantaneous velocity        and the non-thermal force        
vanish, thereby meaning that they are non-equilibrium effects. The diffusion 
coefficient        also becomes null, i.e.,      , whereas            .  
Classical limit. The classical limit of the time-dependent solution       , i.e., 
                           provides  
                                                                    
   
                                                                   
where the function      coming from Eq.         as            reads    
                                 
  
 
    
    
   
    
       
  
    
    
  
                            
Normalizing the probability distribution function        and next taking into account 
      and     
 , we arrive at the classical solution       . For these thermal 
systems, the Boltzmann distribution function        can be derived directly from the 
steady quantum Wigner function       . 
 It is worth noticing that the root mean square momentum        vanishes in 
the classical limit, whereas the root mean square displacement        becomes  
                             
 
 
    
    
   
   
       
  
    
    
  
                                
thereby breaking down the Heisenberg constraint, i.e.,           , as expected. 
This result implies that in the classical realm the momentum becomes a deterministic 
variable while the displacement holds a stochastic one. In other words, the 
momentum variable is said to be eliminated from the classical probabilistic 
description of the Brownian harmonic oscillator in the absence of inertial force.   
105 
 
Further, while the quantum force        vanishes in the classical realm, 
characterized by both limits     and     , the instantaneous velocity        and 
the diffusion coefficient        become respectively  
                                      
  
               
  
  
    
    
                                     
and 
                                               
 
         
  
  
    
    
                                          
In Eq.       , the function      is given by Eq.        .  
5.3.2. Thermal systems 
Heat bath of quantum harmonic oscillators at    . As far as a heat bath of 
harmonic oscillators at zero temperature is concerned, the diffusion energy is 
        and, acccordingly, Eqs.       ,       , and        at short time      
i.e.,              , become respectively   
               
 
           
  
 
  
 
   
   
   
  
 
                          
      
  
         
 
  
         
  
 
  
 
   
   
   
  
  
              
                                                                                                                                      
and  
                           
 
   
  
 
  
 
    
   
   
  
 
                                            
Note that the above quantum-mechanical quantities are non-Markovian at    .   
Fermionic heat bath at     . In the case of a fermionic thermal reservoir at     
the diffusion energy is given by          . So, Eqs. .       ,       , and        
read respectively   
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 and                                                                                                                                 
                             
   
     
 
    
    
   
   
    
                                     
Bosonic heat bath at     . In the case of a bosonic thermal reservoir at     the 
diffusion energy is given by     0        . So, Eqs.       ,       , and        
read respectively 
     
 
             
  
         
  
 
    
    
   
   
  
                
                                                                                                                                   
                                                                                                                     
     
    
         
 
 
           
  
         
  
 
    
    
   
   
   
   
                                                                                                                              
 and 
                   
         
    
 
    
    
   
   
    
                                   
Heat baths at high temperatures. At high temperatures and short times we find the 
following quantum effects   
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5.4. Summary and Discussion 
 Starting directly from the non-Markovian, non-Gaussian Kolmogorov equation 
in configuration space, Eq.       , describing the non-inertial Brownian motion, we 
have derived a non-Markovian, non-Gaussian quantum Kolmogorov equation in 
configuration space, Eq.      , which in turn reduces to the quantum master equation 
      in the Gaussian approximation for both diagonal and non-diagonal elements of 
the matrix density. Next, a non-Markovian quantum Smoluchowski equation in phase 
space has been derived, Eq.      , and solved for both cases of a free particle and a 
harmonic oscillator immersed as much in thermal as non-thermal environments. Our 
quantum Smoluchowski equations       and       are valid for both harmonic and 
nonharmonic potentials even in the Gaussian approximation.    
Our quantum Smoluchowski equation (QSE) in phase space       proves to be 
a consistent way to investigate the quantum Brownian motion in the absence of 
inertial force because  
 as     it correctly reduces to the classical Smoluchowski equation in 
configuration space; 
 as far as a free particle and a harmonic oscillator are concerned we have shown 
explicitly that the solutions to our QSE does not violate the Heisenberg 
fluctuation relations;   
 our non-Markovian QSE is valid for all temperatures     in the cases of  
thermal systems (reservoirs of quantum harmonic oscillators, of bosons, and of 
fermions). 
Further, our QSE furnishes some theoretical predictions: the mathematical 
property of differentiability or analyticity of the quantum Brownian trajectories give 
rise to both concepts of instantaneous velocity               and generalized 
force              , where      and      are the root mean square displacement 
and the root mean square momentum, respectively. Physically, for thermal systems it 
is predicted that the equipartition theorem is violated for all times     and 
temperatures    .    
Eventually, we want to emphasize that the derivation of our quantum 
Smoluchowski equation in phase space       is based on a non-Hamiltonian 
quantization method, whereby we make use of neither the canonical quantization 
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scheme nor the path integral formalism. Furthermore, our QSE       describing a 
free particle does not coincide with the classical Smoluchowski equation.  
We now turn to compare our findings with some quantum Smoluchowski 
equations existing in the literature. 
Ankerhold’s quantum Smoluchowski equations. On the basis of the Caldeira-Leggett 
Hamiltonian system-plus-reservoir model [133,167,187] in tandem with the path 
integral formalism, Ankerhold and co-workers have attempted to derive a consistent 
quantum Smoluchowski equation (QSE) in configuration space for the diagonal 
elements of the matrix density [379-386] as well in phase space (for a free particle) 
[380,388]. Further works [188,387-390], however, have disclosed some drawbacks 
underlying the QSE in configuration space, for it may violate the second law of 
thermodynamics, for example. A highly questionable result is that such Ankerhold’s 
QSE for the case of a free quantum Brownian particle coincides with the classical 
Smoluchowski equation. In addition, both kinds of Ankerhold’s QSE are Markovian 
and not valid at zero temperature, for it is argued that non-Markovian effects are 
intractable since they are determined by a time nonlocal damping kernel [385]. In 
comparison to our non-Markovian QSEs, Eqs.       and      , restricting to the 
Markovian character and non-zero temperature regime     seems to be indeed a 
strong limitation underlying the path integral approach to quantum Brownian motion.    
Furthermore, Coffey et al.  [389,390] have shown that the stationary solution of  
Ankerhold’s QSE in the high temperature limit is different from the true Wigner 
equilibrium distribution in configuration space.  
 
  Also, Ankerhold’s approach provides no derivation of the time evolution of the 
non-diagonal elements of the so-called density matrix, for it is claimed that they are 
“strongly suppressed during the time evolution” (see e.g. Refs. [383,386]).  In 
contrast, we have derived our master equation       for the off-elements      . 
According to our Eq.       , even the diagonal elements do not behave classically. 
 
Indian group’s quantum Smoluchowski equations.  Another Hamiltonian system-
plus-reservoir account aiming at to derive non-Markovian quantum Smoluchowski 
equations has been developed in Refs. [391-394]. This c-number approach [394] to 
quantum Brownian motion does not depend on the path integral formalism but it is 
based on the canonical quantization.  For the case of a quantum free Brownian 
particle, although the QSE in configuration space differs from the classical 
Smoluchowski equation due to the presence of a quantum diffusion coefficient that is 
valid at    , the so-termed QSE in phase space (see Eq.      in Ref. [391]) is 
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simply identical to the QSE in configuration space. Nevertheless, according to our 
Smoluchowski equations       and       such singular result does not occur at all.  
 
Coffey’s quantum Smoluchowski equation. Coffey and co-workers [390,395-399]  
have obtained a Markovian QSE in configuration space valid only in the semi-
classical region of quantum mechanics, that is,  in the high-temperature and weak-
coupling limits. They used a heuristic method for the determination of the effective 
position-dependent diffusion coefficient. Such a method is based on Brinkman’s 
hierarchy expressed in terms of the time evolution for the Wigner function obtained 
from the Caldeira-Leggett Hamiltonian system-plus-reservoir model. According to 
Maier and Ankerhold [386], the Coffey and co-workers’ semiclassical method is not 
a consistent way of obtaining higher-order quantum corrections to the QSE.  
Moreover, it is worth highlighting that although the Coffey’s semiclassical QSE is 
very similar but not identical to Ankerhold’s QSE, both quantum-mechanical 
equations of motion are plagued with the same disease, namely, they coincide with 
the classical Smoluchowski equation for the case of a free Brownian motion 
[190,400]. They predict therefore Einstein’s diffusion law           for a 
quantum free Brownian particle. In contrast, in the semiclassical realm of quantum 
mechanics, characterized by       , our approach predicts that Eqs.        and 
       for a quantum free particle read respectively   
                                                       
  
  
 
    
  
       
  
                             
and  
                                         
 
                         
  
      
             
Notice that only at long times the position fluctuation        behaviors classically 
according to Einstein’s diffusion law, i.e.,                 , while the 
momentum fluctuation                           holds its quantum nature, 
thereby fulfilling the Heisenberg relation                          
8   /   = /2. Therefore, the non-inertial quantum motion of a free Brownian 
particle cannot be viewed as a classical motion.     
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Vacchini’s quantum Smoluchowski equation. Starting from the quantum linear 
Boltzmann equation, Vacchini [172] has derived a QSE describing a free quantum 
particle at high temperature (a diffusion equation containing a diffusion coefficient  
with quantum correction). Such quantum dynamics is distinct from a classical free 
particle. Such an approach is however restricted to the case of a free quantum 
Brownian particle.  
Tsekov’s nonlinear quantum Smoluchowski equation. Lastly, Tsekov [400-405] has 
arrived at a nonlinear version of QSE in configuration space without referring to any 
quantization process. He starts with a Hamiltonian system-plus-reservoir model 
described by a nonlinear Schrödinger equation in the Madelung representation of 
quantum mechanics and then obtains a QSE for a free Brownian particle different 
from the classical Smoluchowski equation, too. His nonlinear approach to QSE is 
valid at zero temperature.  
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6. Quantum anomalous diffusion 
 In Sect. 2.3 we have examined the anomalous behavior of a Brownian particle 
in the classical domain. We now wish to investigate quantum effects on anomalous 
diffusion in the presence and absence of inertial force for thermal and non-thermal 
systems. For thermal heat baths quantum anomalous are studied at zero and high 
temperatures. 
6.1. Quantum anomalous diffusion in the presence of inertial force 
6.1.1. Non-thermal systems 
 The quantum master equation      , with              
              
instead of              , describing a free particle is expressed in terms of the 
Wigner function       by the following quantum Fokker-Planck equation in phase 
space  
              
  
  
  
 
 
  
  
   
 
  
          
    
  
   
    
  
   
   
   
                 
which is defined for     (see Appendix D). The initial condition for solving Eq. 
      is deemed to be the function       obeying                    . 
Furthermore, assuming            to be given by Eq.      , i.e.,          
            , such that it satisfies the minimal Heisenberg relationship       in the 
form  
                                                                             
  
 
                                                
for all time    , we can derive the quantum Rayleigh equation  
  
       
  
   
 
  
                 
    
  
   
    
  
   
        
   
             
whose solution at long times     yields the non-steady behavior according to the 
values of   as follows.  
 For    , 
                                                      
 
  
                                                   
 For    , 
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 For    ,   
                                                                
  
  
                                                      
Generalizing such results leads to the expression 
                                                              
    
  
   
                                                 
As a consequence of the minimal Heisenberg relationship      , we obtain the 
following mean square displacement at long time 
                                                            
    
   
         
                                               
Notice that the anomalous behavior       reduces in the classical limit           
  to Eq. 2.115, whereas the behavior 6.6 holds a non-classical effect, for it vanishes 
as    . This result implies that the position shows up as a deterministic quantity in 
the classical realm. 
6.1.2. Thermal systems at zero temperature  
 In the case of a heat bath of quantum harmonic oscillators the Brownian free 
particle’s quantum diffusion energy    is given by Eq.      , i.e.,        
2coth  /2   . At zero temperature, Eqs. 6.5 and 6.6 read respectively   
                                                       
  
 
    
  
   
                                             
and 
                                                     
   
   
        
                                              
For a fermionic thermal reservoir the quantum diffusion energy at low 
temperatures is given by Eq.        which becomes               at zero 
temperature. Hence, we find    
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and 
                                              
     
   
            
                                       
Although the anomalous behavior of the mean square displacement        occurs in 
the absence of quantum effects, because     
 , the mean square momentum        
exhibits quantum effects, so that the Heisenberg relation       still holds valid at long 
time.    
 
As far as a bosonic heat bath is concerned the quantum diffusion energy is 
given by Eq.        at temperatures below or equal to the Bose-Einstein temperature 
   , so that at     it reads             . So, Eqs.       and        become 
respectively  
                                                    
    
  
   
                                      
and  
                                         
    
   
               
                                               
According to Eq.         the Bose-Einstein temperature     is directly proportional 
to   , i.e.,      
 . Hence, there exists no quantum effect on the anomalous 
behavior of the mean square displacement       , whereas the mean square 
momentum        displays quantum effects.  
 
Thermal systems at high temperatures. At high temperatures, i.e.,      
          , the quantum diffusion energy    tends to the classical thermal energy 
     . Accordingly, we have  
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Although the mean square momentum        does not depend on the Planck 
constant, the Heisenberg relation                     holds valid owing to 
quantum effects on the mean square displacement       .  
 
6.2. Quantum anomalous diffusion in the absence of inertial force 
6.2.1. Non-thermal systems  
  In order to investigate the anomalous behavior of a quantum free particle in the 
absence of inertial force, we start with the quantum Smoluchowski equation       for 
      , with the correlational function              
             , i.e.,     
       
  
  
 
  
  
  
    
  
   
    
  
   
   
   
 
   
    
  
    
  
   
    
  
                    
the solution           of which leads to  
                                                                  
   
  
  
  
   
                                               
and 
                                                               
  
       
     
                                               
both satisfying the Heisenberg relationship       at    .  
In the classical limit    , it is expected that    goes to  . Accordingly, Eq. 
        reduces to Eq.        , whereas Eq.         vanishes, standing for that the 
momentum of a free Brownian particle is a deterministic variable in the classical 
domain.     
6.2.2. Thermal systems at zero temperature  
 Let us consider a heat bath of quantum harmonic oscillators at zero 
temperature, so that        . Both the mean square displacement         and the 
mean square momentum         turn out to be respectively   
                                                         
  
  
  
  
   
                                                
and 
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For a fermionic thermal reservoir at zero temperature, we have    
          . Hence,    
                                                  
     
   
  
  
   
                                                  
and 
                                                    
   
       
        
                                      
Since     
  the mean square momentum         takes place in the absence of 
quantum effects while the anomalous behavior of the mean square displacement 
        is under quantum effects, so that the Heisenberg relation       holds valid at 
long time.    
In the case of a bosonic heat bath at    , we find             . So Eqs. 
       become respectively  
                                           
         
  
  
  
   
                                            
and 
                                              
  
       
           
                                        
Due to the fact that      
  there exist no quantum effects on the mean square 
momentum        , whereas the anomalous behavior of the mean square 
displacement         holds its quantum nature.  
 
Thermal systems at high temperatures. At high temperatures,      . For this 
reason, we have  
                                                
    
  
  
  
   
                                         
and 
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Notice that the mean square displacement         is the same one given by Eq. 
       , for      . In the quantum realm both quantities        fulfill the 
Heisenberg relation                    .  
 The classical limit      predicts no fluctuations on the mean square 
momentum        , meaning that the momentum renders deterministic in the 
classical domain.  
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7. Quantum tunneling: Non-Markov and Markov effects   
Tunneling is a genuine quantum phenomenon in which a particle can penetrate 
and in most cases pass through a potential barrier, which is assumed to be higher than 
the kinetic energy of the particle [406]. In isolated systems, the tunneling probability 
can be calculated on the basis of the Schrödinger equation, the path integral method, 
the Heisenberg equations, or the Wigner representation of quantum mechanics [406]. 
Furthermore, there is a description of quantum tunneling in terms of density matrix 
for calculating escape rates rather than probabilities [385]. 
  
In the context of open quantum systems in which there is no Schrödinger 
function describing a quantum Brownian particle, the tunneling phenomenon is 
commonly investigated via the quantum Kramers rate on the basis of a system-plus-
reservoir model Hamiltonian in tandem with the path integral formalism 
[139,239,385,407,408] or in terms of c-numbers [409-416]. In addition, quantum 
Kramers escape rate is calculated within the Wigner picture of quantum mechanics 
but without necessarily resorting to a model Hamiltonian [389,390,395,396,399].  
 
In the sequel we intend to look at quantum tunneling phenomenon in presence 
as well as in absence of inertial force in Sect. 7.1 and Sect. 7.2, respectively. More 
specifically, we reckon with both Markovian and non-Markovian effects on the 
quantum tunneling for thermal and non-thermal open systems. Thermal systems are 
studied at zero and high temperatures. 
 
7.1. Quantum tunneling in the presence of inertial force  
7.1.1. Markovian effects   
Non-thermal systems. Performing the Wigner transform [376,389] 
                                        
 
  
     
  
 
   
  
 
           
 
  
                        
leads our quantum master equation (3.5), with      , to the following non-
Markovian Fokker-Planck equation in quantum phase space  
  
  
  
 
 
  
  
  
     
  
 
  
             
  
  
          
   
   
        
where           and the operator    is defined as  
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In addition, we suppose a steady solution of Eq.       to be in the form 
                                                                 
  
    
  
 
  
    
 
                                                
where the potential energy      is a quadratic function:  
                                                                     
  
 
                                                                
Assuming the barrier top to be located at point     while the two bottom wells are at 
   and   , with        , an expansion of the potential function        in a Taylor 
series around the point    yields                 
            
 , where we 
have used       
 , the quantity    denoting the particle’s oscillation frequency 
over the potential barrier. Accordingly, the quantum Fokker-Planck equation       in 
the steady regime     reads  
         
 
 
  
  
    
       
  
  
        
  
  
      
   
   
             
We now introduce the non-equilibrium steady function  
                                                                                                                      
         being the steady function       over the potential barrier at   , i.e.,  
                                                  
      
   
  
  
    
 
   
       
 
   
 
                                   
So, inserting Eq.       into Eq.       leads to the following stationary equation for 
          :     
                  
 
 
   
  
         
        
   
  
      
    
   
                        
Upon changing the variable, i.e.,            , we arrive at  
                                                           
    
   
    
   
  
                                                    
with  
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The solution of Eq.       is given by   
                                                          
 
  
  
  
  
 
 
  
                                                 
provided that  
                                                                 
                                                      
Making use of the function       with Eqs.       and      , the probability current 
                       
 
  
 reads  
                                                         
  
  
       
     
      
                                  
whereas from the steady function       at the bottom well   , whereby      
           
            
 , i.e.,    
                                                  
      
   
  
  
    
 
   
       
 
   
 
                                
the number of particles, given by              
 
  
 
  
    , is calculated as 
                                                                   
    
  
 
      
                                                   
On taking both quantities        and        into account, we find the Markovian 
quantum Kramers rate,         , as 
                                           
  
    
       
     
              
                             
For weak friction     , we obtain from Eq.          
                                                             
  
  
 
              
                                        
whereas in the strong friction case , i.e.,     , the quantum Kramers rates        
becomes   
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As an example of non-thermal system let us consider      . The quantum 
Kramers rate        then reads  
                                        
  
    
       
     
              
                                 
Notice that effects of the Planck constant   on the quantum escape rate turn up only 
through the quantum diffusion energy    present in the exponential factor in Eqs. 
       and       .   
The quantum rate        does vanish in the classical limit    , meaning that 
it is a pure quantum effect without any classical analogue. Yet, if it is expected that 
   turns out to be given by   as    , then the following classical rates are obtained 
from Eq.         
                                          
  
    
       
     
              
                             
                                           
  
  
 
              
                                                       
and 
                                             
    
   
 
              
                                                
For thermal systems, i.e.,      , Eqs.        are the classical escape rates found 
out by Kramers [217]. 
Thermal systems at zero temperature 
(a) Heat bath of quantum harmonic oscillators. As far as a thermal reservoir of 
quantum harmonic oscillators is concerned the Brownian particle’s quantum diffusion 
energy    is given by Eq.      , i.e.,                         , the angular 
frequency being assumed to be the same as   , inside the potential well around the 
point  . The quantum Kramers rate        then reads    
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becoming at      
                             
  
    
       
     
               
                        
For the weak friction case, we find    
                                                        
  
  
 
               
        
   
    
 
                                          
which reduces at zero temperature to   
                                                          
  
  
 
               
                                            
Notice that the quantum rates        take place in the absence of friction. In contrast, 
in the strong friction regime we obtain    
                                                        
    
   
 
               
        
   
    
 
                            
and  
                                                        
    
   
 
               
                                
Results        and        were found out by Faria et al. in the context of stochastic 
electrodynamics [417]. 
Upshots       ,       , and        should be contrasted with Chadhuri et al.’s 
quantum Kramers rates [418] which are not valid at    ,  since they are calculated 
in the semiclassical regime of quantum mechanics. Moreover, their semiclassical 
effects on quantum Kramers rate vanish for harmonic potential. In other words, such 
a semiclassical escape rates rely on the nonlinearity of the cubic potential.      
(b) Fermionic heat bath. On the condition that the quantum Brownian motion takes 
place in presence of a fermionic heat bath, the quantum Kramers rate        at low 
temperatures reads    
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where we have used the quantum diffusion energy    given by Eq.       . At    , 
quantum effects on Eq.        turn out to be determined by the Fermi energy 
          
                       , i.e.,    
                                 
  
    
       
     
               
                     
(c) Bosonic heat bath. If the quantum Brownian particle is immersed in an ideal 
boson gas, the quantum Kramers rate        is then given by   
                     
  
    
       
     
              
              
               
   
                    
where we have used the Deeney-O’Leary energy as the quantum diffusion energy, 
i.e.,                  
               
   , valid for      . At zero 
temperature, Eq.        reduces to     
 
                                 
  
    
       
     
              
                                       
    being the Bose-Einstein temperature          
               
      
 2/3.  
At very high temperatures the three kinds of quantum thermal systems leads to 
        . The quantum Kramers escape rate is therefore given by expression 
      . 
 
7.1.2. Non-Markovian effects   
Non-thermal systems. In order to investigate non-Markov effects on quantum escape 
rate, we suppose the non-steady function         to be factorized as  
                                                                                                               
so that the equation of motion       turns out to be  time-independent 
      
 
 
  
  
  
     
  
 
  
         
  
  
          
   
   
                      
   being given by Eq.      . The constant      is determined by the expression (see 
Appendix D) 
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where        is a dimensionless parameter accounting for non-Markov effects and 
  a parameter associated with the anomalous diffusion.  
Expanding the potential function      around the barrier at point   , i.e., 
                
            
 , and introducing the variable     
         , Eq.        becomes  
                                                     
      
   
    
     
  
                                                   
whose solution is  
                                                             
 
  
  
  
  
 
 
  
                                               
with  
                                                            
        
 
         
                                                      
Making use of the non-steady function       , with Eq.       , we construct the 
following time-dependent probability distribution function  
              
 
  
 
  
  
 
  
    
     
   
 
 
       
  
  
  
  
 
           
  
          
where the stationary function       appears at     and    . Inserting Eq.        
into the probability current                        
 
  
 leads to 
                                        
      
      
   
    
      
                                               
On the other hand, the number of particles at the bottom well   , i.e.,    
          
 
  
 
  
    , where         is given by Eq.       , reads 
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Consequently, the non-Markovian quantum Kramers escape rate                
becomes  
                                      
    
        
 
               
 
                                
where      is the Markovian friction-independent quantum rate at    : 
                                               
  
  
 
              
                                                      
Non-Markov effects on the quantum escape rate        are due to the constant     , 
given by Eq.        , for    . In the case    , i.e.,           , the non-
Markovian rate        corresponds to the normal quantum diffusion, whereas for 
    it is related to the anomalous quantum diffusion. 
Thermal systems 
(a) Heat bath of quantum harmonic oscillators. For a thermal reservoir of quantum 
harmonic oscillators the time-dependent quantum escape rate        is expressed in 
terms of                          , which at zero temperature becomes 
               
  
  
     
        
 
               
 
 
               
                           
(b) Fermionic heat bath. In the case of a fermionic heat bath Eq.        is given in 
terms of                    
           
   . At    , the fermionic 
Kramers rate reads 
              
  
  
     
        
 
               
 
 
               
                               
(c) Bosonic heat bath. As the quantum Brownian particle is immersed in an ideal 
boson gas at low temperatures, the quantum diffusion energy is 
                 
               
   , valid for      . At zero 
temperature the quantum Kramers rate        turns out to be expressed as    
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 At high temperatures,       , the non-Markovian quantum escape rate 
      , with        , reduces to the non-Markovian classical escape rate given by 
       .  
7.2. Quantum tunneling in the absence of inertial force  
7.2.1. Markovian effects   
Non-thermal systems. We start from the quantum Smoluchowski equation       in 
the steady regime on the potential barrier assumed to be approximately harmonic, i.e., 
                
            
    
  
   
         
 
  
  
 
  
  
 
  
  
 
  
  
   
   
  
  
 
 
 
   
    
                         
whose equilibrium steady solution may be expressed as (see Eq.        )   
                                                
      
   
  
    
 
   
   
 
   
       
 
   
 
                                 
With the help of Eq.        we now introduce the non-equilibrium steady function  
                                                                                                                    
so that Eq.        changes into  
          
  
         
 
        
  
 
  
  
 
        
  
 
  
  
         
   
                       
Changing the variable  
                                                                                                                              
leads to  
                                                          
       
   
  
   
 
    
 
      
  
                                    
 the solution of which is 
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So the non-equilibrium function       , with        and       , reads 
                     
   
 
      
 
      
   
  
    
 
   
   
 
   
       
 
   
 
  
    
 
     
  
 
  
               
The probability current    on the potential barrier is given by  
                                                            
  
    
        
         
 
 
      
                        
while the number of particles    at bottom well is  
                                                                        
      
                                                         
whose calculation is based on the equilibrium function 
                                                               
      
   
  
    
 
   
   
 
   
       
 
   
 
                  
Accordingly, the quantum Kramers escape rate becomes  
                                        
    
  
 
  
    
    
 
              
  
     
         
 
                                      
Notice that the undetermined parameter   introduced in the linear transformation 
       displays dimension of mass per time and satisfies the condition 
                                                                   
    
 
   
                                                         
 For    , the quantum escape rate        reads  
                                                                   
   
 
    
 
              
                                         
In the case of a non-thermal system, given, for example, by      , the escape rates 
       and        read respectively  
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and 
                                                          
  
 
   
 
              
                                                    
Therefore, quantum tunneling takes place in the presence of friction. Yet, in the case 
of thermal systems for which    does not depend on friction, Eq.        predicts a 
frictionless tunneling, a kind of a superfluidity phenomenon. Superfluidity also 
occurs if        , for instance, is put in Eq.       . So we have 
                                                            
  
   
    
 
              
  
   
      
 
                                           
on the condition that       . 
Thermal systems   
(a) Heat bath of quantum harmonic oscillators. For a thermal reservoir of quantum 
harmonic oscillators the non-dissipative quantum Kramers escape rates        and 
       are expressed in terms of                         . Eq.        is then 
valid for all temperatures    , whereas Eq.        holds valid at low temperatures 
                 alone, including zero temperature.  
 At zero temperature, Eq.        becomes 
                                                 
 
  
  
 
  
 
               
                                                
while the escape rate        at zero temperature reads 
                                 
  
 
       
     
 
               
                                             
(b) Fermionic heat bath. On the condition that the quantum Brownian motion takes 
place in presence of a fermionic heat bath, the quantum Kramers rate        at low 
temperatures reads    
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which reduces at     to 
                                      
    
 
       
 
               
                                                        
The quantum escape rate        turns out to be  
                      
   
   
          
   
  
  
  
  
 
               
        
   
  
  
  
  
   
     
 
        
   
  
  
  
   
 
            
which becomes at      
                                      
   
   
       
 
               
     
   
     
 
      
 
                                         
on the condition that            . 
(c)Bosonic heat bath. If the quantum Brownian particle is immersed in an ideal boson 
gas, the dissipative quantum Kramers rate        is expressed in terms of    
                                , which at     it becomes 
 
                                        
   
 
          
 
              
                                                      
 
The non-dissipative quantum Kramers rate        at zero temperature reads 
                                
  
   
          
 
              
         
   
                
                         
on the condition that               .   
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At very high temperatures, the quantum rate        turns out to be given by  
                                             
   
 
     
 
              
                                                  
Therefore, for thermal environments the quantum tunneling process happens in 
the absence of damping for all temperatures    . These findings corroborate our 
previous result found in Ref. [188] according to which frictionless quantum tunneling 
has been predicted to occur at low temperatures, including    . 
7.2.2. Non-Markovian effects   
Non-thermal systems.  If we assume the parameter   in Eq.         to be given by 
       ,      being a sort of correlation time, then the following non-
Markovian quantum Kramers escape rate can be obtained 
                                                     
    
   
    
 
              
  
      
      
 
                                          
provided that  
                                                                      
  
   
                                                              
In the case of a non-thermal environment characterized by      , Eq.        reads  
                                                          
    
 
   
 
              
  
      
    
                                    
valid for        
 . 
Thermal systems.  The quantum Kramers escape rate        in the presence of a 
thermal reservoir comprised of a set of harmonic oscillators is given by  
       
    
   
   
   
       
   
    
 
 
              
 
   
       
   
    
 
      
      
   
       
   
    
  
 
                          
the correlation time    satisfying the validity condition  
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At zero temperature Eq.        reduces to  
                                                        
    
 
   
 
               
   
       
     
                               
provided that          
 . 
              The quantum escape rate        in the presence of a fermionic heat bath at 
low temperature is  
            
     
   
          
   
  
  
  
  
 
               
        
   
  
  
  
  
      
     
 
        
   
  
  
  
   
 
               
At    , it becomes 
                                          
     
   
       
 
               
     
      
     
 
      
 
                               
valid for              
 . 
             The quantum escape rate        in the presence of a bosonic heat bath at zero 
temperature reads 
                 
    
   
          
 
              
         
      
                
                                    
valid for                 
 . 
              At high temperatures, Eq.         becomes  
                                       
    
   
     
 
              
   
      
          
                                           
valid for            
 , 
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       In summary, as far as thermal systems are concerned the non-Markovian 
quantum rate        also predicts frictionless quantum tunneling at zero and high 
temperatures.   
7.3. Summary and discussion   
       Our quantum Fokker-Planck equation       predicts dissipative quantum 
tunneling in the presence of inertial force for thermal systems at low temperatures, 
including zero temperature, reckoning with non-Markov and Markov effects on the 
quantum Brownian particle. 
      In contrast, as far as quantum thermal environments (a heat bath of quantum 
harmonic oscillators as well as bosonic and fermionic baths) are concerned, our 
quantum Smoluchowski        predicts dissipationless quantum tunelling in the 
absence of inertial force for all    , taking into account both non-Markov and 
Markov effects. Such a result corroborates our previous findings in Ref. [188], 
missunderstood nevertheless by Ankerhold et al. [419].   
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8. Summary and outlook 
 As pointed out in Chapter 1 of this work, realistic physical systems are never 
found isolated from its environment. Since Galileo and Newton nevertheless the idea 
of isolated system became the most fundamental metaphysical concept underlying 
physics [3]. That is, only by isolating a given physical system from the world 
surrounding it, neglecting and abstracting some features taken as secondary, such as 
air resistance or friction, can we come up with the true mathematical laws behind the 
motion of bodies. Newton's laws are a well-known example of such a process of 
mathematizing physical processes. Experimentally, such mathematical laws are never 
exactly born out, for physical bodies generally move in media where some kind of 
friction is present. The major breakthrough is that in the ground of such a 
mathematical idealization physical systems are subject to a  experimentation whose 
control leads to the approximate verification or confirmation of the exact 
mathematical laws. Thus on the basis of the concept of isolated system, Galileo and 
Newton established the mathematical-experimental foundation of modern physics.  
 Besides being deterministic, isolated systems are conservative, meaning that 
the forces acting on them comply with the principle of conservation of the 
mechanical energy. Accordingly, it is claimed that in experimental situations, for 
instance, non-isolated systems (e.g., dissipative systems) arise from our inability or 
ignorance about the details of all conservative forces acting on the system. 
 Moreover, a quite relevant development from a formal point of view was that 
conservative Newtonian systems could be alternatively described by Hamilton's 
equations. Historically, the Hamiltonian formalism was the starting point for 
quantizing classical systems. So, the Schrödinger equation could come into being.      
 
 Afterwards, the Hamiltonian methodology was extended to investigating non-
isolated systems. First, in 1941 Caldirola [420] attempted to quantizing dissipative 
system without fluctuations within a  Hamiltonian structure. Later, the first attempts 
to study  the quantum physics of an open system, that is, a dissipative system with 
fluctuations (e.g., a quantum Brownian particle), were carried out by Prigogine, Toda 
[421,423],  Magalinskii [277], and George [160] via the canonical quantization 
following also the tenets of the Hamiltonian formalism, according to which the 
quantum Brownian motion of a particle appears to result from a total Hamiltonian 
function   , assumed to be separated as            , where    is associated 
with the open system (the Brownian particle),    with the environment, and    with 
the interaction between them. It is worth highlighting that as a consequence of the 
Hamiltonian approach to quantum open systems both phenomena of dissipation and 
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fluctuation do not ensue as intrinsic physical properties. According to Ankerhold 
[385], it is claimed that 
  
the underlying idea of this separation [of the total Hamiltonian] is that 
 dissipation is not something intrinsic, but something that is born out of our 
 ignorance to focus on a small subsystem only. 
 The Hamiltonian methodology revealed to be a powerful mathematical 
superstructure encompassing classical and quantum mechanics of both isolated and 
open systems. In our monograph [187], the process of mathematizing physical 
systems via the Hamiltonian methodology we have called it the Hamiltonization of 
physics. By contrast, our non-Hamiltonian approach to (classical and quantum) open 
systems developed elsewhere [181-191] and reviewed in the present work assumes 
that both dissipation and fluctuation are physical processes intrinsic to a Brownian 
particle. In contrast to Ankerhold's above quotation, it is therefore utterly 
unacceptable to uphold the view that our ignorance can account for any physical 
phenomena, such as quantum Brownian motion.  
 
 Our non-Hamiltonian methodology for open systems could be illustrated by the 
following pictorial scheme:  
                  
 
                                   
 
                                                       ⇓                
                             
                         ⇓                     
                                                                  
We start from Langevin equations giving rise to the corresponding classical 
Kolmogorov equations that display non-Markovian, non-Gaussian and non-linear 
effects on a Brownian particle. Kolmogorov's equations reduce to non-Markovian 
Fokker-Planck equations as far as the Gaussian approximation is concerned. Next, we 
quantize classical Brownian motion by bringing Planck's constant   directly in 
Kolmogorov equations through a linear change of coordinates. This Hamiltonian- 
independent quantization method underpins our dynamical-quantization approach to 
quantum open systems. So we arrive at the quantum Kolmogorov equations 
exhibiting non-Markovian, non-Gaussian and non-linear effects on a Brownian 
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particle immersed in a generic environment. The classical limit or the dequantization 
    of the quantum Brownian motion is taken into account, too.       
 We now turn to summarize the main epistemological implications  underlying 
our non-Hamiltonian methodology, pointing out the physical meaning of our 
dynamical-quantization approach to quantum open systems.  
 
 Initially, in Chapter 2 we have worked on our non-Markovian approach to 
normal and anomalous Brownian motion in the classical domain. Here our main 
finding has been that non-Markov effects are naturally introduced owing to the 
existence of a  correlational function      that renders the diffusion coefficient time-
dependent. We have shown that non-Markov effects account for the differentiability 
property of the Brownian trajectories, so implying the existence of two physical 
quantities: A force and an instantaneous velocity, that is, the derivative of the root 
mean square momentum and the root mean square displacement, respectively. We 
emphasize that we have predicted the breakdown of the energy equipartition of 
statistical mechanics at short times in the following physical situations: 
 In the presence of inertial forces in momentum space via the existence of 
the concept of thermal force, given by Eq.       ;  
 In the absence of inertial forces in configuration space through our 
instantaneous velocity               , which is valid for a free 
particle, Eq. (2.78), and a harmonic oscillator, Eq.       ;  
 In the non-inertial anomalous diffusion of a free particle for the cases in 
which    , on account of the existence of the instantaneous velocities 
       , as well as in the anomalous diffusion of a harmonic oscillator 
as described by the mean square displacements         ,         , and 
        ;  
 In the inertial anomalous diffusion for         due to the existence of 
the forces (2.116).  
In Chapter 3 quantum effects were investigated by directly quantizing the 
stochastic classical dynamics described by Fokker-Planck equations. On the   basis of 
this dynamical-quantization approach to quantum open systems, we have derived a 
non-Markovian quantum master equation, given by Eq. (3.5), which is valid for both 
thermal and non-thermal environments. In the case of thermal systems quantum 
Brownian motion may occur in presence of a heat bath of quantum harmonic 
oscillators, of bosons, or of fermions for any temperatures    . 
135 
 
Chapter 4 dealt with the quantum Brownian motion of a free particle according 
to both Fokker-Planck and Langevin descriptions. For thermal systems both 
descriptions lead to the violation of the energy equipartition theorem of statistical 
mechanics in the following cases:  
 At zero temperature in the steady regime as     via Eqs. (4.20), 
(4.22), and (4.24), for instance;  
 At zero temperature for all time     through Eqs. (4.46b), (4.47b), and 
(4.49);  
 At high temperatures via Eq. (4.46a) or Eq. (4.85b) for times of the order 
of the quantum time          , a kind of correlation time according 
to Eq. (4.40).  
Such theoretical predictions could be experimentally confirmed through the 
measurement of both the quantum force and the quantum instantaneous velocity 
whose existence proves that the quantum Brownian trajectories are differentiable. 
 Chapter 5 in turn addressed quantum Brownian motion in the absence of 
inertial force. A non-Markovian quantum Smoluchowski equation in phase space, Eq. 
(5.7), has been derived and solved for a free particle and a harmonic oscillator in the 
case of both thermal and non-thermal systems. For general environments the 
differentiability of the quantum trajectories leads to the concepts of quantum 
instantaneous velocity and quantum force. For thermal systems it was predicted that 
the equipartition theorem can be violated for all times     and    . 
 Chapter 6 approached quantum anomalous diffusion of a free Brownian 
particle in presence and absence of inertial force for thermal and non-thermal baths. 
On the one hand, in presence of inertial force, for fermionic and bosonic heat baths 
the anomalous behavior of the mean square displacement takes place classically, that 
is, it is  -independent at zero temperature. In contrast, at high temperatures it is the 
mean square momentum that behaves classically. On the other hand, in absence of 
inertial force our non-Markovian Smoluchowski equation has predicted quantum 
effects on the mean square displacement for both fermionic and bosonic heat baths at 
zero temperature. In this case, it is the mean square momentum that behaves 
classically. Yet, at high temperatures displacement fluctuations are classical while 
momentum fluctuations are under quantum effects. 
 Lastly, in Chapter 7 on the basis of our non-Markovian quantum 
Smoluchowski equation we have predicted a kind of dissipationless quantum 
tunneling in the following  cases: For all     and in the low-temperatures regime, 
including    .  
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From a physical point of view we believe that our theoretical predictions can 
be subject to experimental confirmation, thereby going far beyond the predictions 
based on the Hamiltonian methodology.  
The ontological implications of our dynamical-quantization approach to 
quantum open systems can be summed up as follows. 
 
 Our contribution to open system theory has been to provide an 
ontological status to quantum Brownian motion. That is, quantum 
motion is  really Brownian. Deterministic quantum motion is only a 
special case. 
 Our dynamical-quantization approach to quantum open systems has 
revealed that the von Neumann function is more fundamental than the 
Schrödinger function for describing quantum physical systems, for open 
systems are not described in terms of  . As long as the environment can 
be neglected we obtain an isolated system as a special case to be 
described by the Schrödinger equation. Even in this case, the 
Schrödinger function   should play a secondary role in the theoretical 
framework of quantum physics. 
 As a consequence of Galileo's and Newton's establishment of the 
mathematical-experimental foundation of modern science based on the 
concept of isolated system, probability in classical physics appears to be 
a concept of epistemic nature only. It is common to associate it with our 
ignorance or inaccuracy to specify or predict the initial conditions of a 
system of many isolated particles, such as in statistical mechanics
34
 
[423,424]. In quantum physics probability also displays an 
epistemological character, for it is associated with statistical records 
according to Born’s probabilistic rule. In contrast, underlying our non-
Hamiltonian methodology for quantum open systems, the probability 
concept shows up as an ontological feature characterizing Brownian 
motion and fades out as far as the environment can be left out.  
 Idealizing mathematically physical phenomena as open systems allows 
for abandoning the concept of isolated system in accordance with some  
suggestions made by Bohr and Heisenberg as well as unveiling the 
ontological status of physical systems without resorting to any 
measurement apparatus in accord with Einstein’s philosophical 
                                                          
34
In contrast, Einstein imagined the task of physics as being to justify the epistemologically objective 
importance of the probability concept from a theory constructed ontologically on the grounds of a theory of 
isolated systems. The ergodic theory, in which statistical properties are meant to be derived from the 
dynamics of isolated systems, was a model for Einstein [197,210].  
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viewpoint. In addition, our dynamical-quantization approach to quantum 
open systems makes some theoretical predictions that could be 
experimentally confirmed.  
 According to our non-Hamiltonian quantization method, the theory of 
quantum Brownian motion can be ontologically formulated without 
appealing in any way to a dualistic framework of matter (wave vs. 
particle).  
 Both classical and quantum Brownian movements are differentiable, 
thereby implying that the concept of trajectory exists as an intrinsic or 
ontological attribute for both quantum and classical particles. In other 
words, quantum Brownian particles as well as Schrödinger particles 
actually follow a certain quantum trajectory.  
 Lastly, we would like to mention some forthcoming works. 
 As a future work we would like to extend our non-Hamiltonian approach to 
Brownian motion to the relativistic regime. Our previous articles on bosons 
and fermions in relativistic quantum phase space [425,426] as well as the 
recent review paper on relativistic Brownian motion [242] will be our starting 
points.  
 More recently, quantum information and quantum computation are guided by 
the dream of isolating and controlling quantum-mechanical systems against 
environmental influences so as to make use of some properties, such as the 
superposition principle and entanglement [159,371]. Taming quantum 
Brownian motion may be a precondition for attaining such a goal.  
 To investigate no-Gaussian effects on the quantum Brownian motion on the 
basis of our quantum Kolmogorov equations       and      . 
 The concept of quantum force given by the differentiability of the root mean 
square momentum could be looked upon as a physical criterion for measuring 
non-Markovianity. It is worth comparing this criterion with those existing in 
the literature on quantum open systems (see Ref. [190], and references therein). 
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Appendix A. The Einstein approach to Markovian Brownian motion 
From the physical viewpoint, the first mathematization of Brownian motion 
was achieved by Einstein in 1905 [194] by building up a theoretical model in which 
the environment (the liquid particles, for instance) acts on the Brownian particle in a 
probabilistic fashion. In this Einstein picture the position or displacement of the 
Brownian particle is represented by a stochastic variable        whose realizations 
       are arranged according to a determined probability distribution function 
        , the time parameter     being a non-random quantity. Then Einstein 
came up with a time evolution for        describing the possible positions   of a 
(non-inertial) free Brownian particle immersed in a generic fluid (the so-called Fick 
diffusion equation35)  
                                                             
       
  
   
        
   
                                             
where     with dimensions of                  is a non-random constant 
responsible for diffusing the probability density function        in configuration 
space. Hence,   is called diffusion constant. 
 The random displacement      of the Brownian particle is physically 
characterized by its root mean square (RMS)  
                                                                                                                       
which measures the fluctuation of      about its average value        calculated with 
the aid of the solution        to Eq.       according to     
                                                                               
 
  
                                        
The quantity  
                                                                            
 
  
                                         
in Eq.       is called the mean square displacement (MSD).   
 
                                                          
35
In 1855, Fick [427] posited the diffusion equation for the particle concentration in analogy to Fourier’s law 
for heat conduction [211,428,429]. 
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Deriving the diffusion equation. In order to derive the diffusion equation      , 
Einstein [194] posited the motion of the Brownian particle as a translation 
transformation from the point         at      to the point      at      
 . That movement evolves at a distance 
                                                                                                                                    
in a time interval 
                                                                                                                                         
through the following integral equation36  
                                                                                                 
 
  
 
where the time-independent function       accounting for the transition from 
                    to                   complies with the 
normalization condition 
                                                                                                                           
 
  
 
as far as                     is concerned, as well as the symmetry 
property (parity) 
                                                                                                                                
introduced due to the concept of distance      .  
Assuming both distribution functions          and           in Eq. 
      to be expanded in a Taylor series about   and   , respectively, one obtains37 
                             
  
  
        
   
 
   
   
     
  
        
   
 
   
                              
 
  
 
Taking into account the following infinitesimality conditions  
                                                          
36
An integral equation like Eq.       was originally put forward by Louis Bachelier in 1900 [205] in the 
context of the theory of financial speculation [211,431]. Such an integral equations are also known as 
Chapman-Kolmogorov equations [120,207,220,229,240,431].  
37
The term on the right side of Eq.        is known as the Kramers-Moyal expansion 
[120,207,220,229,240,431], albeit Kramers [217] himself had employed explicitly no expansion at all. In 
truth, it was Einstein [194] who implicitly just introduced such an expansion. 
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and38 
                                                                       
                                                 
Eq.        can be truncated in the form of the generalized diffusion equation39 (the 
so-called telegraph equation) 
                                          
 
 
        
   
  
       
  
     
        
   
                            
after formally identifying the diffusion coefficient      in the following way 
                                                                         
     
  
                                                     
where the mean square of the stochastic variable          is given by  
                                                                                                               
 
  
 
As   approaches zero, i.e.,    , the telegraph equation        does reduce to the 
Fickian diffusion equation      ,        becoming the  -independent diffusion 
constant40    (see also Ref. [207], p. 55) 
                                                                   
 
 
   
   
     
 
                                                   
According to Einstein [194], the time parameter  , present in the integral 
equation       and then used for deriving the diffusion equation      , is to be 
interpreted as a time interval “very small  with respect of a given time interval of 
observation, but large enough to ensure that the motions of the Brownian particle at 
                                                          
38
Einstein [194] used the parity property       for justifying partly condition        which indeed is related 
to the Gaussian property for truncating the right side of Eq.       . Yet, he did not provide any physical 
reason for discarding non-Gaussian contributions. Later, Pawula (see  [227,228]) proved that there exists no 
non-Gaussian approximation to the so-called Kramers-Moyal expansion complying with the positivity of the 
probability distribution function.        
39
In his 1905 paper on Brownian motion, Einstein did not write down explicitly the telegraph equation 
      . 
40
Einstein [194], in fact, identified inappropriately   with the expression                 
 
  
 thereby 
overlooking its  -dependence. Deriving the diffusion equation       from the telegraph equation        
seems therefore to eschew that Einstein’s slight oversight!   
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two consecutive intervals of time    can be treated as independent of each other”41. 
That Einstein’s operational statement as well as the time-independent diffusion 
constant        seem to have been the first seeds of Markovianity assumption 
underlying the physical interpretation of the elusive parameter   posited by Einstein 
in Eq.      42.   
In addition, the picture of Brownian motion based on the Bachelier-Einstein 
integral equation       along with both Gaussianity conditions        and        
had been employed by Einstein himself [199],  Smoluchowski [432,433], Fokker 
[434], Planck [435], Fürth [231,436], Ornstein [214], Klein [216], Chapmann [437], 
Uhlenbeck and Ornstein [218], Kolmogorov [196,202], Kramers [217], 
Chandrasekhar [193], Wang and Uhlembeck [219] and many others, as starting point 
for describing Brownian motion in several physical contexts thus generalizing the 
diffusion equation       by means of the so-called Fokker-Planck equations 
[120,149,207,220,229,240].  
Moreover, Markovianity property ingrained in the integral equation       has 
been deemed to be the pivotal assumption underpinning the theory of Brownian 
motion [120,149,207,220,229,240,439].  
The diffusion constant. The physics underlying the Brownian movement turns up in 
determining the transport coefficient   in the diffusion equation      . On the 
ground of both the van’t Hoff law for the osmotic pressure exerted by the Brownian 
particle on a thermal reservoir (a liquid, for instance) and the Stokes law for the 
mobility of the particle, Einstein [194,196,210,211,439-442] derived the following 
expression for the diffusion constant43  
    
                                                                    
   
  
                                                                 
                                                          
41“Wir führen ein Zeitinterval   in die Betrachtung ein, welches sehr klein sei gegen die beochactbaren 
Zeitintervalle, aber noch so gross, dass die in zwei aufeinanderfolgenden Zeitintervallen   von einem 
Teilchen ausgeführten Bewegungen als voneinander unabhängige auflassen sind.” [194]. The physical 
reason underlying the infinitesimal character of   had been quite a controversial issue: Fürth [442], for 
instance, stressed that the introduction of such a time interval   is the weak point of Einstein’s theory of 
Brownian motion because there is no theoretical justification for the independence of the motion in this 
interval (see also [187,211,246,429,439,440,443]). 
42
According to Chandrasekhar [193], p. 31, the integral equation       per se sets up a Markovianity 
condition in sense that the Brownian particle “depends only on the instantaneous values of its physical 
parameters and is entirely independent of its whole previous history”. 
43
Sutherland [206] also derived Eq.       , hence it is dubbed the Sutherland-Einstein diffusion constant 
[210,211]. Eq.        is also known as the Stokes-Einstein diffusion constant [207,429]. 
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whereby the thermal energy      , responsible for activating the Brownian 
particle through an osmotic force, comes from the heat bath at thermodynamic 
equilibrium characterized by the Boltzmann constant    and the temperature  , 
whereas the viscosity  coefficient      arises from the Stokes viscous force 
accounting for damping the motion of the Brownian particle of mass   at a 
relaxation timescale     
  , where   is the frictional constant.  
Solving the diffusion equation. Starting from the deterministic initial condition 
              and using the fluctuation-dissipation relation       , the 
solution to Eq.       reads   
                                                             
  
      
 
     
                                                
providing both the average displacement      
                                                                                                                                         
and the mean square displacement (MSD) 
                                                                               
    
  
                                               
The position fluctuation of the free Brownian particle is then represented by the 
following Einstein’s root mean square displacement (RMSD)   
                                                                            
    
  
                                                
the differentiability of which yields the instantaneous velocity                 
                                                                            
   
    
                                                 
which in turn blows up44 at short times    .  In other words, the displacement 
fluctuation      is not a differentiable quantity at    .  Einstein accounted for such 
a feature resorting to the so-called Markovian assumption [199]:  
                                                          
44
Such singular short-time behavior of the instantaneous velocity        is operationally explained by 
Einstein himself as follows: “Since an observer operating with definite means of observation in a definite 
manner can never perceive the actual path traversed in an arbitrarily small time, a certain mean velocity 
will always appear to him as an [infinite] instantaneous velocity. But it is clear that the velocity ascertained 
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We have implicitly assumed in our development that the [stochastic] processes 
 during the time   are to be considered as phenomena independent of the 
 processes in the time immediately preceding. Yet this assumption renders 
 inapplicable as far as increasingly tiny times   are concerned.45   
In brief, because the position fluctuation        is non-differentiable at     
the concept of instantaneous velocity of a non-inertial free particle cannot exist in the 
Einstein picture of Brownian motion. Only Eq.        could be expected to have 
physical significance.   
On the ground of the Einsteinian mathematization of Brownian motion, Perrin 
[444,445] developed experiments to verify the Einstein’s MSD law, Eq.       ,46 
pointing out a close analogy between the reality of atoms and the non-analytic 
character of the Brownian trajectories (curves without tangents) [211,439]:  
One may be tempted to define an ‘average velocity of agitation’ by following a 
 particle as accurately as possible. But such evaluations are grossly wrong. The 
 apparent average velocity varies crazily in magnitude and direction. It is easy 
 to see that in practice the notion of tangent is meaningless for such curves. 
 (Perrin [444], Mandelbrot’s translation [446], p. 12.)  
Moreover, Perrin emphasized that  
It is curves with derivatives that are now the exceptions; or, if one prefers the 
 geometrical language, curves with no tangent at any point become the rule, 
 while the familiar regular curves become some kind of curiosities, doubtless 
 interesting, but still very special” (Perrin in Brush [439], p. 32). 
Conceptually, the mathematical property of the non-analyticity of Einstein’s 
Brownian paths, given by Eq.       , or rather, the non-existence of the 
instantaneous velocity       , raises the question about the very physical reality of 
the random trajectory of a Brownian particle. Put it differently, do Brownian paths 
                                                                                                                                                                                                
thus corresponds to no objective property of the motion under investigation – at least, if the theory 
corresponds to the facts” [200].   
45“[weil] wir in unserer Entwicklung implizite angenohmen haben, dass der Vorgang während der Zeit als 
von dem Vorgänge in den unmitttelbar vorangehenden Zeiten unabhängiges Ereignis aufzufassen sei. Diese 
Annahme trifft aber um so weniger zu, jener kleiner die Zeiten   gewählt werden” [199]. 
46
On the basis of Eq.        Perrin [439,444,445] was able to measure the Boltzmann constant (or 
Avogadro’s number) by investigating the motion of Brownian particles with radius of the order of      m, 
thereby upholding the evidence for the hypothesis of the atomic structure of matter. In 1926, Perrin was 
awarded the Nobel Prize for his experimental works [447].  
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actually exist in nature or do they play merely an elusive or heuristic role useful to 
assess the atomic nature of matter, for instance?47  
Lastly, even though not pointed out by Einstein himself, it is worth stressing 
that multiplying      by      results in a physically well defined quantity, namely, 
the diffusion coefficient               that in turn is in general a time dependent 
quantity. In the case of Eqs.        and       , nevertheless,      becomes the 
diffusion constant       , albeit      is not well-defined at    . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                          
47
Although the Brownian motion of a particle immersed in a thermal reservoir allows for calculating the 
Boltzmann constant, thereby unveiling the atomic structure intrinsic to matter, the very concept of non-
differentiable trajectory does not seem to be an ontological feature underlying the Brownian movement: For 
Chandrasekhar, “The perpetual motion of the Brownian particles is maintained by fluctuations in the 
collisions with the molecules of the surrounding fluid. Under normal conditions, in a liquid, a Brownian 
particle will suffer about      collisions per second and this is so frequent that we cannot really speak of 
separate collisions. Also, since each collision can be thought of as producing a kink in the path of the 
particle, it follows that we cannot hope to follow the path in any detail—indeed, to our senses the details of 
the path are impossible fine” [193]. Moreover, according to von Plato “the motion observable through a 
microscope is not the same as the true motion of the particle. For it experiences in normal circumstances up 
to some      collisions a second, so that one sees average effects of theses collisions” [197], p. 128. 
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Appendix B. The Langevin approach to Markovian Brownian motion 
Rather than focusing on the time evolution of probability distribution 
functions, the Langevin approach [195] to Brownian movement deals with the 
dynamics of random variables [193,233,448-455].  The position      of a Brownian 
particle of mass   is assumed to be a solution, for example, of the stochastic 
differential equation (the so-called Langevin equation 
[120,149,207,220,229,240,448])  
                                     
      
   
  
     
  
   
     
  
                                      
in which the term             denotes an inertial force48 offsetting a conservative 
force,             , derived from the Brownian particle’s potential energy 
      , and two kinds of environmental forces: a linearly velocity-dependent 
dissipative force,            , and a fluctuating force,           , dubbed 
Langevin’s force. 
The Langevin method [195]. For the case of a free particle,       , multiplying 
Eq.       by      and averaging the resulting equation over the joint probability 
distribution function            lead to 
 
                           
 
 
         
   
          
  
 
        
  
                              
     being the stochastic velocity               of the Brownian particle. 
Supposing the Brownian particle’s kinetic energy            to obey the energy 
equipartition for all time    , i.e.,     
                                                                  
        
 
 
   
 
                                                     
where   denotes the medium temperature, it can be shown that      and      are 
statistically uncorrelated, i.e.,                           [213]. So, one obtains 
from Eq.       the following differential equation for the mean square displacement  
          
                                          
         
   
    
        
  
                                         
                                                          
48
In contrast to Einstein’s approach to Brownian motion [194], the Langevin one [195] reckons with inertial 
effects on Brownian motion due to the term            in Eq.      .  
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In short, Langevin’s method49 [195] for describing the free Brownian motion 
consists in changing the stochastic differential equation       for the random 
variable      into the deterministic differential equation (B.4) for the mean square 
displacement        , because      and the Langevin force            are 
uncorrelated50:             . 
Solution to Eq.       is given by the mean square displacement51 
  
                                                      
    
  
  
 
 
                                      
        denoting the mean square displacement at     and   an integration 
constant. Assuming         ,  it follows from Eq.       that the root mean square 
displacement reads   
                                                     
    
  
  
 
 
                                      
the derivative of which provides the instantaneous velocity 
                                                        
 
     
 
    
  
                                               
that in turn leads to the time-dependent diffusion coefficient  
                                                                  
   
  
 
 
 
                                      
Further, on the condition that Eq. (B.8) vanishes at    , i.e.,      , one obtains   
                                                                         
    
  
                                                         
 
                                                          
49
The Langevin method of converting the stochastic differential equation (B.1) for the random variable      
into a deterministic differential equation for the mean square displacement         is valid only for linear 
systems, i.e., for potentials of the form                
 , where        and    are non-random 
constants. 
50
Naqvi [213] has recently raised some objections against Langevin’s assumption            
              .   
51
 At      , the mean square displacement (B.5) does approximate to Einstein’s result given Eq.       , 
i.e.,                    .  That upshot allowed Langevin [195] to identify         with the diffusion 
constant  . 
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Thus, according to the Langevin approach the Brownian dynamics of an 
inertial free particle turns out to be characterized by the Ornstein-Fürth RMSD52 
[214,231]                      
                                                 
    
  
  
    
   
                                 
 
At long timescales    , i.e.,      , Eq.        leads to the Einstein 
diffusive regime                   the instantaneous velocity       in turn 
approaches                     , whereas the diffusion coefficient      , with 
Eq.      , becomes the Sutherland-Einstein diffusion constant             . 
  
On the other hand, at short times    , i.e.,      , assuming the initial 
condition to have no fluctuations, such that                 , the Ornstein-
Fürth RMSD        renders ballistic, i.e., 
   
                                                                                                                                            
the instantaneous velocity       in turn goes to  
                                                                                                                                              
while the diffusion coefficient turns out to be   
                                                                             
                                                                 
where     denotes the thermal velocity            coming from the energy 
equipartition theorem      .  
 
Since both the displacement        and the instantaneous velocity        do 
not depend on the friction coefficient  , the particle evolves for the span of time 
        before any collisions occur. Hence, the frictionless inertial free 
Brownian motion at short times is said to be ballistic, that is, the free Brownian 
particle moves in straight line with constant speed given by the equipartition energy, 
before collisions with bath particles slow it down and randomize its motion [456-
460]. 
                                                          
52
Originally, but without making use of the condition       , Ornstein [214] and Fürth [231], derived the 
mean square displacement,                                    
            (see also Ref. 
[213]). 
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Experimental verifications of theoretical predictions based on the Ornstein-
Fürth formula        have been reported through the measurement of the transition 
from ballistic to diffusive regime of Brownian motion of micrometer-sized particles 
in rarified gases [460-463]. Moreover, Li et al. [232] have recently measured the 
instantaneous velocity of a Brownian particle held in air by an optical tweezer, 
thereby verifying through Eq. (B.12) the validity of the energy equipartition theorem 
at short times. 
     
The inertial free Brownian motion in momentum space. The differentiability of the 
position fluctuation        implies the existence of the stochastic velocity         , 
or the stochastic momentum               , present in the Langevin equation 
     . It remains to examine if there exists the acceleration        , or the random 
inertial force         . We now turn to answer that question within the Markovian 
Langevin framework.   
 
Notice that the Langevin equation      , for    , may be written down in 
terms of the stochastic momentum                as  
                                                               
     
  
                                                   
whose formal solution is the following  
                                                                         
 
 
                              
The mean square momentum then reads 
                                                               
 
 
 
 
 
              
In addition, making use of the Markovian property  
                                                                                                                          
Eq.        changes into  
                                                                   
  
  
                                 
Moreover, assuming that the energy equipartition is valid in the steady regime, i.e., 
            ,  the following fluctuation-dissipation is obtained from Eq.        
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For sharp initial condition, i.e.,                 , and         , the 
root mean square momentum                      , with the upshot       , 
reads    
                                                                                                                   
It is readily to check that Eq.        is nondifferentiable at    , so implying that 
the stochastic differential equation       , or the Langevin equation      , is devoid 
of any mathematical significance because the force         , or  the acceleration 
          ,  cannot exist. To overcome this hurdle, Doob [220,229,233,240,438] in 
1942 pointed out that the Langevin equation (B.14) in the form  
                                                                                                                    
where              , should be rigorously interpreted not as a differential 
equation but as the Wiener integral equation [229,451]  
                                  
 
   
                                                   
 
   
 
 
 
 where      is a continuous function53.  
Summarizing, in the context of the inertial Brownian motion the property of 
non-differentiability of Eq.        at     implies the mathematical inexistence of 
the concept of force         , or  acceleration           , albeit the concept of 
velocity         , or momentum               , is mathematically well 
defined due to the differentiability of the Ornstein-Fürth process       . 
 
 
 
 
 
 
                                                          
53
Similarly, as far as inertial effects are neglected in the Langevin equation       the resulting stochastic 
differential equation                     has no mathematical significance, unless it is interpreted as 
an integral equation according to Doob’s interpretation based on Wiener integrals [220,229,233,240,451]. 
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Appendix C. Kolmogorov equations   
In this Appendix we wish to show how a given stochastic differential equation 
gives rise to a Kolmogorov equation which in turn reduces to a Fokker-Planck 
equation in the Gaussian approximation. First, we take up the case of one random 
variable and then the case of two variables [192]. 
We suppose the dynamics of the stochastic process        to be governed 
by the ordinary differential equation  
                                                              
     
  
                                                                
To find out the time evolution of the probability distribution function        
expressed in terms of the realizations   of the random variable  , we closely follow 
Stratonovich’s procedure [192,204]. We resort to the definition of conditional 
probability density given by  
                                                            
            
      
                                               
where              is the joint probability density function of   at different times   
and    with           and       . 
From (C.2), we arrive at the Bachelier-Einstein integral equation [194,205]                                  
                                                                                                          
 
  
 
after using  the Kolmogorov compatibility condition [202] 
                                                                
 
  
                                                     
The characteristic function for the increment               is expressed 
in terms of the conditional probability density (C.2) as 
                                                                     
 
  
                                          
the inverse of which is  
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Now, using the expansion 
                                                            
     
  
 
   
                                                       
Eq. (C.6) turns out to be given by  
                                            
     
  
 
   
       
  
   
                                 
Inserting (C.8) into (C.3) and dividing the resulting equation by  , we obtain  
                         
                
 
  
     
  
 
   
  
   
 
       
 
                            
with        and          . The procedure of taking the limit     in both 
sides of       leads to the Kolmogorov equation 
                                                                 
       
  
                                                     
where the Kolmogorovian operator    acts upon the probability distribution function 
       according to  
                                                
     
  
 
   
  
   
                                       
with the coefficients          , given by   
                                                                    
    
       
  
                                             
calculated from the stochastic differential equation (C.1) in the following integral 
form 
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after averaging       over a given conditional probability density               
according to Eq. (C.5).    
Summing up, we have set out a general scheme for deriving from the stochastic 
differential equation (C.1) the Kolmogorov equation (C.10) which reckons with non-
Gaussian features on account of the presence of the  th moment of the increment  
  , i.e.,        .  
According to Pawula’s theorem [227,228], there exists no non-Gaussian 
approximation to the non-Gaussian Kolmogorov equation (C.10) in compliance with 
the positivity of       . Hence, in the Gaussian approximation Eq. (C.10) reads  
          
        
  
  
 
  
                   
 
 
  
   
                              
In the physics literature, the class of Gaussian stochastic differential equation 
(C.1) is known as Langevin equation (e. g., Eqs. (2.49) and (2.61), whereas the 
corresponding Gaussian Kolmogorov equation (C.14) is dubbed Fokker-Planck 
equation in configuration space or in momentum space, for example, the non-
Markovian Smoluchowski equation (2.66) and the non-Markovian Rayleigh equation 
(2.37), respectively. 
For the case of two random variables   and  , the set of stochastic differential 
equations, given by 
                                                            
     
  
                                                          
                                                            
     
  
                                                         
generates the following phase space Kolmogorov equation for the joint probability 
distribution             
           
  
   
     
        
 
   
  
        
                                  
 
   
 
with  
                                                        
    
 
              
  
                                 
The increments    and    are evaluated from (C.15a) and (C.15b) in the integral 
form   
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and  
                                                                   
   
 
                           
In the Gaussian approximation the phase space Kolmogorov equation (C.16) reduces 
to the following Fokker-Planck equation in phase space  
           
  
   
     
        
 
   
  
        
                                  
 
   
 
Both Langevin equations       in phase space are physical examples of 
equations of motion       , while the non-Markovian Klein-Kramers equation 
       is a special case of phase space Fokker-Planck equation       . 
In Ref. [192] we have found out explicitly the coefficients           in (C.14) 
for the cases of the non-Markovian Rayleigh equation (2.37)  and the non-Markovian 
Smoluchowski equation (2.66), as well as the coefficients                 
concerning the non-Markovian Klein-Kramers equation (2.33).     
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Appendix D. The correlational function       
 The correlational function      is defined in Eq. (2.24) as  
                                            
   
 
 
                       
   
 
   
 
                                 
If the autocorrelation function               is given by  
                                              
     
  
   
    
         
                                  
where    is deemed to be the correlation time of       at times    and    , then it 
follows that       
                                                                   
    
  
   
    
  
                                               
For    ,  Eq. (D.3) is defined at    , i.e.,       , while in the range       
it is not defined at short times    . 
For    , Eq. (D.3) becomes  
                                                                            
  
                                                         
whose Markovian regime is characterized by the steady behavior        at long 
times    , i.e.,     , or by        as      , i.e.,     . In addition, the 
correlational function (D.4) vanishes at    :       .  
Eq. (D.3) displays the following asymptotic behavior at long times    : 
                                                                        
    
  
   
                                                            
as long as    . The autocorrelation function              , Eq. (D.2), for    , 
defines a sort of nonwhite noise which in the Markovian limit      changes into 
the so-called white noise  
                                                                                                                            
meaning that the stochastic function      is delta-correlated. It has been argued that 
the Markov property (D.4) is a highly idealized feature [187,220-224], because the 
physical interaction between the Brownian particle and the thermal bath actually 
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takes places for a finite correlation time     . Hence, our auto-correlation function 
(D.2) seems to be a more realistic feature underlying the statistical behavior of the 
Langevin stochastic force.    
In addition, it is worth highlighting that the form of the autocorrelation 
function               is not a directly observed effect. Analytically, the functional 
form              , for instance, is suitable to solving the non-Markovian 
Fokker-Planck equations as well as examining non-Markovian effects on physically 
measurable quantities (see Chapter 2).    
Moreover, it is worth stressing that imposing the condition        implies 
Markovianity for all time  . Yet this special case turns up as a sufficient but not 
necessary condition for Markovianity property. 
 Therefore, we wish to point out that our non-Markovian approach to Brownian 
motion is based on the correlational function      the introduction of which naturally 
rises in the Fokker-Planck equations by being built from the corresponding Langevin 
equation. This fact has been overlooked by the centennial literature on Brownian 
motion theory. 
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Appendix E. General solution of the non-Markovian diffusion 
equation  
Let us consider the non-Markovian Smoluchowski equation (2.68) for a free 
Brownian particle, i.e.,  
                                                      
       
  
 
   
  
    
        
   
                                        
the  solution of which reads  
                                                            
  
         
 
     
                                              
where the time-dependent function      is given by  
                                                                               
 
 
                                                     
Solution (E.2) yields          and 
                                                                     
    
  
                                                       
So, the root mean square displacement,                       , reads   
                                                                      
    
  
                                                    
By evaluating the instantaneous velocity,              , we obtain 
                                                                    
    
  
 
  
                                               
Therefore, the differentiability property of the quantity (E.5) does depend on the 
convergence of Eq. (E.6) at short times, including    . 
 The Markovian case         gives rise to        that, in turn, makes      
to diverge at    . In consequence,      is said to be a non-differentiable or non-
analytic function at    . This property characterizes the Einstein’s Brownian 
particle [194] (see also Appendix A). On the contrary, the non-Markovian case 
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              leads to             at short times, so that               
            In this case, the paths of our Brownian particle are differentiable [192].  
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Appendix F. Deriving Schrödinger equations  
As far as the environment can be neglected, i.e.,    , our quantum master 
equation (3.4) turns out to describe a quantum isolated system given by the von 
Neumann equation  
           
           
  
                  
  
  
 
  
   
  
  
   
                        
where    and    are our quantization conditions (3.3)  
                                                                       
  
 
                                                             
                                                                      
                                                                        
  
 
                                                            
Both variables   and   do not rely on Planck’s constant  , that is, they are classical 
quantities. Besides, assuming the von Neumann function            in Eq.       to 
be factorized as  
                                                                          
                                             
 where          denotes the complex conjugate of   at point   , we obtain the pair 
of Schrödinger's equations 
                                
        
  
                
  
  
         
   
                              
and 
                           
         
  
         
        
  
  
          
   
                          
If equations of motion       and       are interpreted as evolutions forward and 
backward in time, respectively, then our non-Hamiltonian quantization conditions 
(F.2) and (F.3) justify the Schwinger’s Lagrangian interpretation of quantum 
mechanics of isolated systems [27]: "imagine that the positive and negative senses of 
time development are governed by different dynamics". In this Schwinger’s picture, 
Blasone et al. [28] have been able to explain the two-slit experiment whereby the 
difference between the two motions accounts for quantum interference whereas the 
motion of the same point         provides the classical behavior (no 
interference pattern).  
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In terms of the von Neumann equation (F.1), the classical limit         
can be interpreted as yielding the time-independent probability distribution 
                                                                                                                                      
to be appropriately interpreted as a classical probability distribution. Quantum effects 
arise actually for       in the quantal configuration space.  
 Lastly, we wish to point out that in our approach a quantum Brownian particle 
(the quantum open system) does not exhibits interference effects since the von 
Neumann function            in our quantum master equation (3.4) cannot be 
factorized, i.e.,   
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Appendix G. The environment's physics 
       Quantum Brownian motion is the result of the influence of a given environment 
or medium (e.g., a quantum fluid), comprised of    particles, on the movement of a 
tagged particle. More precisely, the quantum diffusion energy    arising from the 
quantization of the classical diffusion energy  , defined in Eq.        ,  is to be 
identified with the medium’s internal energy   per particle, i.e., 
                                                                                
 
 
                                                           
How can we then derive such environmental energy? For thermal systems, the 
environment is viewed as a quantum thermal reservoir or a heat bath, and hence its 
temperature-dependent internal energy          can be found out on the basis of 
statistical thermodynamics according to three sorts of quantum statistics54 [351,464-
470]: The Maxwell-Boltzmann statistics, the Fermi-Dirac statistics [471,472], and the 
Boson-Einstein statistics [473-475]. 
Maxwell-Boltzmann systems. Let us assume that the environment can be devised as a 
heat bath comprising of a set of   quantum harmonic oscillators having the same 
oscillation frequency   in thermal equilibrium at temperature  . This system obeys 
the Maxwell-Boltzmann statistics according to which the harmonic oscillators are 
distinguishable from each other. The internal energy   of this Maxwell-Boltzmann 
system is given by       where                       is the mean energy 
of such oscillators [351]. Accordingly, the quantum diffusion energy       of a 
Brownian particle immersed in such oscillators heat bath reads   
                                                                  
  
 
     
  
    
                                               
   being dubbed Boltzmann’s constant and           
             , with 
         . The  -dependent energy, given by  
                                                                            
  
 
                                                            
corresponds to the zero point diffusion energy coming from the heat bath in the 
quantum limit at zero temperature,    , while the  -independent energy, i.e., 
                                                                                                                                          
                                                          
54
Although the expression quantum statistics could be looked upon as a “misnomer” [464], such expression 
is employed here for pointing out the fact that the Maxwell-Boltzmann, Fermi-Dirac, and Boson-Einstein 
statistics are reliant on Planck’s constant  .    
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denotes the thermal energy of the heat bath in the classical limit      at high 
temperatures,           . 
Fermi-Dirac systems. Let the environment be an ideal quantum gas of   identical 
particles each of mass , inside a volume   at temperature  , and obeying the Fermi-
Dirac statistics [471,472]. A tagged particle immersed in this gas undergoes quantum 
Brownian motion owing to the diffusion energy       given by  
                                                                                
   
 
                                                       
where     is the internal energy of the Fermi-Dirac gas [351,377,468-470] 
                                                              
      
      
 
      
    
 
     
 
 
 
                               
The quantity        is termed the degeneracy factor of the half-integral spin 
states, whereas          is called the fugacity of the gas expressed in terms of its 
chemical potential  .   
 At low temperatures    , the Fermi-Dirac internal energy         becomes 
                    
           
    and accordingly the diffusion energy 
      of a quantum Brownian particle reads 
                                                     
 
 
       
   
  
  
  
                                           
becoming at zero temperature 
                                                                  
 
 
                                                   
   is the Fermi temperature defined by 
                                                                        
  
  
                                                                  
   being the Fermi energy given by 
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The Fermi energy    is interpreted as the single-particle energy corresponding to the 
Fermi momentum        
                via the relation      
    , 
geometrically viewed as the radius of the Fermi sphere, within which the momentum 
states are occupied [468]. 
 For      , the fermionic gas is said to be nearly degenerate, rendering 
completely degenerate at    , the so-called ground state whose internal energy is 
               [470].  Therefore, in a completely degenerate gas the quantum 
Brownian motion of a particle comes about due to the Fermi energy, i.e.,    
       . 
Bose-Einstein systems. If the environment is assumed to be an ideal Boson gas of   
identical particles contained in a volume   at temperature  , satisfying the Bose-
Einstein statistics [473-475], then the quantum diffusion energy of a Brownian 
particle turns out to be given by  
                                                                                
   
 
                                                       
    being the internal energy of the bosonic gas [351,377,468-470]  
                                                              
      
      
 
      
    
 
     
 
 
 
                               
where        is the degeneracy factor of the integral spin states. Bose-Einstein 
systems are characterized by the following temperature regimes [352,353] 
                                              
 
 
    
       
       
                                            
                                
 
 
    
       
       
                                                 
and 
                                          
  
   
        
  
   
                                  
where     is dubbed the Bose-Einstein temperature defined as 
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In Eq.       ,         and         are special cases of Bose-Einstein functions 
defined in the general form as 
                                         
 
              
 
    
    
 
     
 
 
 
                               
expressed in terms of          and the gamma function defined as        
           
 
 
, with        [469]. In Eq.        we have used the approximate 
values               and              .   
It had been predicted that the particles at temperatures       undergo a 
Bose-Einstein condensation [473-475]. Especially, according to Eq.        the gas in 
the ground state at     displays a non-null internal energy given by        
          . Only recently, the existence of this zero point energy of the Boson gas 
compatible with the Heisenberg principle has been reported by Deeney and O’Leary 
[352,353] on the assumption that the gas particles do not lose all of their kinetic 
energy on dropping into the ground state at temperatures below    . These particles 
just move and hence contribute to the internal energy of the Boson gas. In short, the 
ground state is not a state of zero energy. Accordingly, particles in the Bose-Einstein 
condensate make contribution to the total energy of the Bose-Einstein gas owing to 
the presence in Eq.        of the Deeney-O’Leary energy 
                          , which is interpreted as a sort of ordered kinetic 
energy since the particles in the condensate have the same energy            
[352,353].  Such a Deeney-O’Leary energy accounts for the quantum Brownian 
motion during the Bose-Einstein condensation in view of the following diffusion 
energy 
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Appendix H. Quantization of the non-Markovian Smoluchowski 
equation  
 In order to quantize the Brownian motion in the absence of inertial forces, we 
start with the non-Markovian Smoluchowski equation (    ), given by    
 
       
  
 
 
  
     
  
  
       
  
 
 
  
      
   
       
 
  
    
        
   
          
Now let            and            be two distinct solutions of Eq.       given 
respectively at points    and at    
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Notice that both solutions    and    evolve with the diffusion coefficient      
          in contrast to the solution       of      .  
 Multiplying        and        by         and        , respectively,  
       
   
  
 
 
  
      
   
    
   
   
 
 
  
       
   
      
  
  
      
    
   
                 
and 
          
   
  
 
 
  
      
   
    
   
   
 
 
  
       
   
      
  
  
      
    
   
              
and then adding the resulting equations, we arrive at 
  
  
 
 
  
 
      
   
 
  
   
 
      
   
  
  
   
  
 
  
 
       
   
  
       
   
   
 
      
  
 
   
   
  
   
   
                                                                                      
where                             . 
 We quantize the equation of motion       by means of the change of 
variables  
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and the quantization of the diffusion energy  
                                                                                                                                             
By making use of the relations 
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expanding the potentials       and       according to   
                                                            
  
 
   
 
  
 
  
 
 
       
   
 
 
   
                      
as well as neglecting the terms      , we arrive at the following quantum master 
equation in configuration space        
  
  
 
 
  
 
     
  
 
 
 
 
  
 
 
       
   
 
  
  
  
 
  
      
   
  
  
 
 
  
 
      
   
 
 
 
 
  
 
 
       
   
   
      
  
 
   
   
 
 
  
   
   
        
the time-dependent quantum-mechanical function             being expressed in 
terms of the coordinates   and   , given by             and         , 
respectively.  
The Fourier transform (the Wigner function) 
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leads the quantum master equation       to the quantum Smoluchowski equation in 
phase space 
         
  
 
 
  
     
  
         
  
 
 
  
      
   
         
  
 
      
  
          
   
 
  
   
      
   
          
     
 
  
   
      
   
          
   
  
 
  
      
   
 
       
    
            
                                                                                                                                    
whose classical limit     is the non-Markovian Smoluchowski equation       as 
long as  
                                                                           
   
                                                        
and 
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